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SUMMARY

Detailed analysis has been made of the ingestion and dispersion of
engine exhaust products into the trailing vortex system of superscnic
aircraft flying in the stratosphere. The rate of mixing between the - ‘
supersonic. jet and the co-flowing supersonic stream was found-to be an
order of magnitude less than would be expected on-the basis of subsonic
eddy-viscosity results. The length of the potential core was 66 nozzle
exit radii so that the exhaust gases remain at -elevated tewperatures and ]
concentrations over much longer distances than previously estimated. ‘
Ingestion started at the end of the potential core and all hot gas from g
the engine was ingested into the trailing vortex within two core lengths. \
The vortex inhibits entrainment and thermally insulates the hot gases in {
the core from the stratosphere. The final buoyancy phase started only
ten seconds after leaving the trailing edge. The temperature rise in the
wake of the supersonic aircraft is much greater than that for a subsonic
transport since temperature rise was found to vary directly as speed
squared and inversely as aspect ratio. T.e buoyancy theory incorporates
an entrainment coefficient which is a function of local turbulence condi-
tions. Comparison between the buoyancy calculations for the supersonic
case with nondimensionalized subsonic aircraft contrail data on wake
spreading showed good agreement. Velocity and temperature profiles have
been specified at various stages of the wake, and the analysis in this
report can be used to predict variations of concentrations of species such
as NO under conditions of chemical reaction.
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A STUDY OF INGESTION AND DISPERS1ON OF ENGINE
EXHAUST PRODUCTS IN TRAILING VORTEX SYSTEMS

By Jack N. Nielsen, Stephen S. Stahara,
and James P. Woolley
Nielsen Engineering & Research, Inc.

1.0 INTRODUCTION

This document represents the final report on an analytical study of
the ingestion and dispersion of engine exhaust products in trailing vortex
systems under Contract NAS2-7337. The emphasis of the work is on super-
sonic flight in the stratosphere although the analytical methods developed
herein are for the most part not limited to those conditions.

The probiem of what influences the exhaust gas products of supersonic
aircraft will have on the chemical balance of the stratosphere is a subject
of great current interest and controversy. Specifically what long term
influences the nitrogen oxides of the exhaust will have on the ozone
balance of the stratosphere has been discussed by Johnson and Whitten
(ref. 1-1) and by Goldsmith, Tuck, Foot, Simmons and Newson (ref. 1=2)
who have reached opposite conclusions. One of the questions which bears
on the general problem is how the exhaust gases from the engines are in-
gested into the trailing vortices of the aircraft and how they are
ultimately dispersed. For instance, at supersonic speeds the engine
can have long potential cores which are uniformly at the exit conditions,
and these hot cores may influence the chemical concentration of the final
exhaust products. Also, frailing vortices can be very long for super-
sonic flight in the atmosphere, and if the exhaust products are entrained
by these vortices the concentrations can remain relatively high compared
to what they might otherwise be. Also, a knowledge of the entrainment
of the exhaust gas by the trailing vortices is.important if flight testing
is to be conducted to obtain concentration measurements.

In this report a physical descripticn will be given of the ingestion
and dispersion of the engine air by the trailing vortices including a
breakdown of the process into several phases. The analysis of the several
phases is then carried out in detail. Primarily the analytical methods
are applied to the case of a supersonic two-engine aircraft flying in the
stratosphere.




The report contains distinct theories for the pure jet stage, the
hot gas ingestion stage, the equilibrium vortex stage, and the asymptotic
buoyancy stage. These theories are contained in sections 4 to 8. For the
reader who is not concerned with theoretical details, it is recommended
that he read section 3 which describes the ingestion and dispersion pro-
cesses, and then_go to section 9 which contains the calculative example.

2.0—-SYMBOLS

Because this report contains .a number of distinct theories, the
symbol list is extensive.. In the following list, the symbols are separated
in accordance with the sections in which they appear. If the same quantity
is used in more than one section, it is listed under each section. 1In a
few cases the same symbol has been used in different sections to designate
different physical quantities where no confusion should result.

Section 4.0

A,B constants in modified Crocco law
A',B' constants in Crccco law
* »*
b b /rn
* *
b* mixing region characteristic length, r, - ry
c mass fraction of exhaust gases
* *
°p °p/ °p3 o2
Cg jet Crocco number, -j-;; - Z_‘;_l. Mg / (1 + 1—-‘;—;- Mg
H
. 3
p specific heat at constant pressure
D constant having a value of either O or 1
* R
E, Em/21rijj
* ok &
E, Ez/2w jHj
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downstream energy flux through any normal cross section of
the mixing zone

energy flux into mixing zone across upstream boundaries of
zone

H*/H*
3
stagnation enthalpy

jet stagnation enthalpy

free-stream stagnation enthalpy
constant in eddy viscosity equation
eddy viscosity constant given by equation (4-50)
i;/r*
n
length of potential core
r’n;/ﬁ\;
1/27 times mass flow rate per second entrained by jet up
to a given axial position
1/2r times mass flow rate at jet exit
Mach number on jet centerline
Mach number on streamtube containing jet exit flow
Mach number of jet in potential core region

free~-stream Mach rumber

average mean squared velocity taking into account turbulent
fluctuations

* *
r /rn
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radial distance from jet centerline

radius of streamtube containing jet exit mass flow
radius of entire jet

radius of potential core

exit radius of nozzle

radius of "s" streamtube

T /T

3

®
T

/ TJ

ave/
o/, 3

T;/T; -1
* [
To/To

J

time average of To

T T
OC Oj

static temperature

mass average static temperature over jet cross section
static temperature on nozzle centerline

temperature of streamtube comtaining jet exit flow

static temperature in potential core
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ave

stagnation temperature

stagnation temperature on jet centerline 9

stagnation temperature on streamtube containing jet exit
flow

S GG

stagnation temperature of potential core :
free-stream stagnation temperature

static temperature in free stream
time average mean square axial turbulent velocity fluctuation
U*/U*

j

(U - Um)/(Uc - U ) , normalized velocity

@

*
U, /U, = 1

* *
Umax/uj

;in/U;
U:/U;
axial velocity component
mass average axial velocity over jet cross section
axial velocity on jet centerline

axial velocity on streamtube containing jet exit flow

axial velocity of potential core
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maximum axial velocity at given jet cross section
minimum axial velocity at given jet cross section
free-stream axial velocity

time average mean square radial turbulent velocity
fluctuation

*
radial velocity divided by Uj
w*/w*

3
molecular weight
molecular weight of exhaust gases

molecular weight of free stream

* »
2 /rn

axial distance behind nozzle exit

increment in 2

p m'roaj\

ratio of specific heats

* * *
ed/Ucb
*
turbulent eddy viscosity = €,
value of € on streamtube containing jet exit flow

eddy thermal conductivity coefficient

eddy diffusion coefficient
value of ¢* on streamtube "s"

eddy momentum diffusivity (viscosity) = e”
(£ = r;)/(xy = ry)

(1 + U )/ (1 = Uy)
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(ex,ey,ez)

* *
P/Pj
density

density on jet centerline

density on streamtube containing initial jet exit flow
density in potential regicn

density on streamtube "s"

free-stream density

turbulent shearing stress associated with radial gradient
of axial velocity

value of 1* on streamtube initially containing jet exit

flow
Sections 5.0 and 6.0 ; Additional Symbols

wing span

crossflow drag coefficient per unit length
. . * * * . .
unit vectors in (x ,y ,2 ) direction

nondimensional net buoyant force per unit length,

normalized by m*u*/r
y m3%y/%,

*
nondimensional drag force per unit length in X direction,
normalized by ijj/rn

nondimensional dggg*fo;ce per unit length in y* direction,
normalized by ijj/rn

*
nondimensional vortex force gey unit length in x
direction, normalized by min/r;

nondimensional vortex force per upit length in y*
direction, normalized ky ijj/rn

acceleration due to gravity

total trailing vortex strength, I /2w
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vmo

r
vOo

th .

nondimensional circulation of Kk vortex = | /27,
normalized by U;r; k

nondimensional mass flow rate of ambient air ingested by

jet up to a given axial location, normalized Ly mj

nondimensional total jet mags flow ratc up to a given axial
location, normalized by mj

initial jet mass flow rate

number of external vortex pairs

x *
nondimensional pressure,normalized by 'jUj?

*_ K,
nondimensional free~stream pressure, normalized by VjUj&
nondiminsional radius of jet outer boundary normalized

by r

n

nondimensional radial disgance from jet centerline to kth

vortex, normalized by r

nondimensional radial dﬁstance from jet centerline to
symmetric image of xt vortex, normalized by r;

nondimensional radial distance from jet centegline to left

wing panel vortex centroid, normaiized by T,

nondimensional radial distance from jet centerline to right

wing panel vortex centroid, normalized by £

nondimensional time, normalized by r*/U*

n’ ~j
nondimgnsional mass~-averaged jet temperature, normalized
by Tj

*
nondimensional free=-stream temperature, normalized by Tj

*
nondimensional mass-averaged jet velocity, normalized by Uj

*

aondimensional free-stream velocity, normalized by Uj

nondimensional lateral velocity in x direction relative

to moving jet centerline, normalized by U;
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vk

nondimensional radial flow velocity at cuter boundary of
jet, normalized by UJ

nondimensional velocity in _x direction induced by external
vortices, normalized by Uj

nondimensional velocity in _y direction induced by external
vortices, no:malized ky Uj

nondimensional combination of free-stream and vortex-lnduced

velocities normal to jet centerline, normallzed by Uj

nondimensional velocity in vy dlrection relative to moving
jet centerline, normalized by UJ

n mensional complex velocity potential, normalized by

ogd%
Ujrn
nondimensional aircraft-fixed inertial Cartesian coordinate
system with 2z axis directed rearward, x axis directed

to the right facing forward, and Y axxs directed verti-

cally upward; normalized by r

nondimensional crossflow coordinate system fixed to moving

jet centerline; normalized by r;

nondimensional location of jet*centerline in inertial (x,y)

coordinates, normalized by r.

nondimensional location of kth right wing-pgnel vortex in

inertial (x,y) coordinates, normalized by rp

nondimensional location of left wing-panel image of ktg
vortex in inertial (x,y) coordinates, normalized by «r_

nondimensional location of left wing-panel vortex centroid

in inertial (x,y) coordinates, normalized by rp

nondimensional location of right wing-panel vortex centroid

in inertial (x,y) coordinates, normalized by r;

location of vortex centroid in dimensional inertial
coordinates

nondimensional complex variable in crossflow plane,

2, = x + 1y,
nondimensional complex coordlnates in crossflow plane of
right wing panel image of kth vortex, 2 vk ™ Xuk t iyvk




vmk

vo

Xz

O © © "I

Yz

el |

Peo

C .o

nondimensional complex coordinates in crossflow plane of
left wing panel image of kth vortex, zmG = xvmk*'iy

nondimensional complex coordinates in crossflow plane of
right wing-panel vortex centroid, 2,0 = Xy * iyvo

trailing vortex circulation
polarlangle in crossflow plane
angle of jet centerline with (y,2z) plane

angle of jet centerlire with (x,z) plane
nondimensional mass-averaged jet density, normalized by
nondimensional free-stream density, normalized by p;

real part of complex velocity potential W
Section 7.0

specific heat at constant pressure
constants of integration

time average stagnation enthalpy

turbulent fluctuation in stagnation enthalpy
laminar thermal conductivity

turbulent thermal conductivity

r/2r

F°/2W

value of K at position of maximum tangential velocity
static pressure

heuat transfer rate due to turbulent fluctuations

radial distance

radial distance to maximum tangential velocity

outer radius of part of vortex in solid body rotation
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i rj radius at outer edge of logarithmic region
' r, radius where P/Fo = 0,99
' R gas constant for air
, t time
' T static temperature
. T, value_of T at r,
]' T turbulent fluctuation in T
T: free-stream static temperature
l u radial velocity
u' ™ rurbulent fluctuation in radial velocity
= 3 l v tangential velocity
[ v' turbulent fluctuation in tangential velocity
\ l v, value of v at r,
B ' W axial velocity
é z axial distance
; v ratio of specific heat at constant pressure to that at
o constant volume
% r circulation, 2r7rv
? I's total circulation of vortex
‘ L. laminar viscosity
Hy turbulent viscosity
v w/p
Ve turbulent eddy viscosity
b mass density
o laminar Prandtl number
4 turbulent Prandtl number
ﬁ Ty turbulent shearing stress, Reynolds stress
; §i angular velocity of vortex eye
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Section 8.0
specific heat at constant pressure
constant of integration
buoyant length given by equation (8-4)
m/TAX
function defined by equation (8-33)
buoyant force
acceleration of.gravity
function defined by equation (8-34)
upward distance with h = 0 at t = t;
heat energy added to wake per unit time
reference length given by equation (8-5)
gH/Trpwcp'I‘;(U;)3
airplane lift
total mass of recirculating flow
masz rate of entrainment
atmospheric static pressure
average radius of plume or wake cross section
gas constant for air
U:/Ebw
time

]
static temperature of atmosphere

average temperature of air in wake
axial velocity of air in plume

free-stream velocity

horizontal wind velocity

vertical upward velocity of wake
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distance behind aircraft

thickness of wake cross-sectional slab measured in axial

direction

entrainment coefficient, eguations (8-1) and (8-8)
entrainment coefficient, equation (8-1)

ratio of specific heats

vortex circulation

rate of entrainment of ambient air

inclination of plume axis to horizontal

gh/R T:

mass average density of recirculating flow
atmospheric mass density

Brunt-vaisilla frequency, equation (8-3)

Subscript

initial value of a quantity

Section 9.0
wing aspect ratio
wing span
mass fraction of jet exhaust gases
mass weighted average of ¢ across jet cross section
specific heat at constant pressure for air

airplane drag coefficient

airplane lift coefficient

see equation (4-65)
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see equation (4-65)
increase in height during buoyant phase
vr

circulation parameter, F°/2v

Vit

airplane lift

ratio of mass of entrained air to mass of exhaust gases

Mach number on jet centerline

Mach number in jeét exit

free-stream Mach number

radial distance from center of trailing vortex
* *

rd/rn
* *

re/rn

ri/rn

radius of center to the 99-percent circulation position
jet outer radius

radius of streamtube originating at jet exit

radius of potential core

radius of jet exit

radius to point of vortex maximum tangential velocity

equivalent radius of recirculation region during buoyant
phase

initial equivalent radius of recirculation region at
beginning of buoyant phase

time after airplane passage

characteristic time, equation (9-2)
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T
ave

&
0 *

) ] -
8 # U *

3
O * O *

average wake temperature rise due to engine heat
static temperature in trailing vortex

* *

Tave/Tj

*

Tc/Tj

* *

l:I?O W/TO 3

*  x

T/Ta
J

mass average temperature in jet
jet centerline temperature

jet exit temperature
free-stream temperature
free=-stream total temperature

total temperature at jet exit

* *
Uc/Uj
* *
U/ U5
mass average axial velocity in jet
jet centerline velocity

velocity in jet exit

velocity at edge of jet

tangential velocity in trailing vortex

vortex maximum tangential velocity

airplane speed (numerically equal to U:)
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The exhaust products of an engine contain many components including

lateral and vertical coordinates, respectively, with the

origin at the trailing-edge location on the vertical plane

of symmetry of the airplane

lateral and vertical coordinates with origin at centerline

of trailing vortex

* pok
z /rn
value of 2z for start of jet break-up

axial distance behind wing trailing edge
entrainment coefficient
trailing vortex strength

efficiency of conversion of engine heat into propulsion
work

free-stceam air mass density

initial value of p_, at beginning of buoyant phase

average mass density of fluid in recirculation region

initial value of F at beginning of buoyant phase

3.0 PHYSICAL DESCRIPTION AND MODELS OF INGESTION

AND DISPERSION PROCESSES

3.1 Preliminary Considerations

water, nitrogen oxides, and particulate matter. Wake concentrations at
the exhaust of high altitude aircraft are expected (ref. 3-1) to be
90,000 ppm H,0 vapor, 500-5000 ppm CO, 50-200 ppm NO and 1-10 ppm S0,.
Ambient levels at 20 kilometers are of the order of 3 ppm H,0 vapor,

0.01-0.20 ppm CO, 0,001~0.003 ppm NO, 0.0001-0.001 ppm SO, and 2 ppm Oj.

In the analysis of the problem we will neglect the particulate matter.

is generally sufficiently small that it will follow the streamlines, and in

It

any event presents such a minor mass fraction that it should not influence
the gas flow significantly.
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Another assumption that we will generally use is that the terperature
and concentration profiles in the jets are similar. Low speed theory and
experiment show that the transfer of heat and mass are similar but
both differ from the transfer of momentum. The radial spread of tempera-
ture and concentration is slightly faster than that of velocity.

Wilder and Hindersinn (ref. 3-2) have shown by measurement that the
spread of a COz jet exhausting into a supersonic airstream was in good
agreement with jet spread data determined on the basis of total tempera-
ture measurements. They also showed-that gas dynamic expansions and
compressions within the jet caused no essential change in the nature of
the jet spread due to turbulent mixing. The rate of spread due to mixing
was found to be small., Data on free jets generally show similar concen-
tration and temperature profiles (ref, 3-3, pp. 98-102). If the transfer
of heat and mass is dominated by turbulent diffusion and the various gas
components of the engine exhaust remain in the same relative proportions,
it is reasonable to take all concentration profiles similar to the
temperature profiles as a first approximation. Accordingly, we are faced

with determining the temperature field of the flow.

Consider the overall flow process to consist of a number of stages.
The first stage is the jet stage in which the jet issues from the engine
and is relatively unaffected by the presence of the wing vortex wake for
a distance downstream of the aircraft. In the next stage the trailing

vortices have sufficient influence to break up the jets and entrain some
or all of the engine exhaust. We will designate this stage as the hot
gas_ingestion stage. After the ingestion stage there exists the
equilibrium vortex stage in which the vortex pair act together and move
with a regime of recirculating flow which is closely eilliptical in cross
section. In the final asymptotic stage the buoyancy force acting on the
recirculating flow together with turbulent entrainment of atmospheric
air combine to produce the asymptotic stage of the motion.

3.2 Jet Stage

The initial conditions for the study are taken at the point where
the engine exhaust exits to the atmosphere., For the example calculations
it is assumed that the jet pressure is equal to the atmospheric pressure
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at the exit. This is achieved by means of engine flaps. If pressure
equalization takes }lace external to the nozzle, a special calculation
may be required to determine the initial conditions corresponding to
atmospheric pressure. In addition to pressure equalization at the exit,
we have also assumed that the velocity profile is uniform.

At the exit the flow is described in terms of a static pressure,
Mach number and stagnation temperature. The jet exhausts into a
mainstream at atmospheric pressure and temperature and airplane Mach
number. The jet Mach number may be less than that of the free stream
because of the high speed of sound in the jet.

Consider first the case where the jet axis is aligned in the flight
direction. The supersonic jet in a coflowing supersonic stream now
entrains free-stream air and slows down. For a certain distance bel.ind
the aircraft, the potential core exists and beyond this distance the "far
field" occurs. The velocity and temperature profiles are governed by
turbulent mixing between jet and free stream and on the stagnation
temperature ratio of the jet and free stream. No reliable method of
calculating the properties of the jet and based on data for hot super-
sonic jet in coflowing supersonic streams was fiound in the literature.
Accordingly, one has been developed, as described in section 4. It turns
out that the entrainment rates are much less than expected.

It is only at certain angles of attack that the jet thrust axis is
aligned with the free-stream direction. For other angles of attack
there is thus the additional complication of a jet obliquely inclined to
the free-stream flow. The analysis of Wooler (ref. 3-4) for oblique
subsonic jets has been adapted to treat this effect by means of a
crossflow drag coefficient.

There is also an effect of the trailing vortices on the jet as it
leaves the aircraft., One effect is that the crossflow velocity normal
to the jet is reduced because of the induced downwash between the vortices
so that the crossflow drag on the jet is reduced. It is also aesumed
that the jet before it disintegrates acts as a solid boundary forx the
purpose of imaging the trailing vortices. There is thus an additional-
component of force acting on the jet, Furthermore the motion 2Af the
vortices induced by the presence of the jets cause an additional force
component acting on the jet., Finally there is the buoyant force acting

18
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on the jet by virtue of its higher temperature than the surroundings.
As a result of all these forces, the jet tends to straighten out parallel
to the trailing vortices after a certain distance of travel behind the

- wing trailing edge. At some point near this position the hot gas
ingestion stage commences, and the jet is allowed to disintegrate and
become entrained by the trailing vortices.

3.3 Hot-Gas Ingestion Stage

No data have been found to illustrate how the jet from an engine
breaks up and is entrained into a trailing vortex. In order to obtain
some insight into the question, a test was made in the 40- by 80-Foot
Wind Tunnel using the 6-foot span Convair 990 wing model designed and
built for a trailing-vortex investigation. A trailing vortex .was made
visible by placing white smoke generators near the wing tip. At about
the 69-percent semispan location slightly under the wing, a yellow
smoke generator was used to simulate the engine jet. Smoke was forced
out of the engine location at a low tunnel speed (30 ft/sec, approximately)
so that observations could be made by investigators in the wind tunnel.
The yellow smoke moved downward under the vortex, and reached a point
directly under the vortex at about 30 feet downstream of the wing. As
it moved past this point, it rapidly broke up and became ingested by the
trailing vortex. The engine smoke thus maintained its identity for
about five wing spans.

In calculating the jet break-up and its ingestion into the trailing
vortex we have considered the jet no longer to be under the influence
of crossflow drag nor to contain an image vortex system. In fact, the
various regions of the jet are now considered to be independent and to
be acted on only by the direct effect of the trailing vortex pair and
by buoyancy. The pieces of the jet considered as mass points then tend
either to spiral into the vortex or escape from the recirculation region.

During this process the initial temperatures of the various
pieces are obtained from the calculated temperature profiles in the jet.
As they are ingested, it is assumed that their temperature time history
is the same as if the jet had continued to develop. The turbulent mixing
processes in the two cases are probably different, so that the assumption
is only approximate. However, if the hot gas is rapidly ingested, then

19




this assumption should be sufficiently accurate since the gas will not
cool much during ingestion.

The above calculation should show how much of the exhaust gas is
ingested. The amount of exhaust gas can be much greater than the amount
of air in the core of the undisturbed vortex. Accordingly, hot gas
ingestion will change the structure of the trailing vortex. All the hot
air tends to be concentrated in the center of the vortex. Some effect
of hot air_ingestion on vortex stability might be expected.

3.4 Equilibrium Vortex Stage

In the equilibrium vortex stage the ingested exhaust gases become
part of the recirculating flow around the vortices. The general flow
picture is shown in the following sketch as taken from reference 3-5.

'
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The recirculating flow near the vortices will be very similar to that
for a single trailing vortex since the interference of one vortex on
the other is small under these conditions, The whole recirculation
region mass moves upward or downward in the atmosphere as a whole. The
calculation of reference 3-5 of the rate at which vorticity diffuses
from the recirculation rsgion into a surrounding quiescient atmosphere
or is annihilated along the vertical axis of symmetry shows a decrease
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in the vortex strength in the ratio of 1/e in about 80 minutes. While
this case is for a subsonic transport, it should also give a good order
of magnitude estimate for a supersonic aircraft.

In the case of mass diffusion of the exhaust gases from the
recirculation region, mass can be detrained from the recirculation region
only across its outer boundary whereas in the case of the diffusion of
vorticity across the vertical plane of symmetry, vorticity of opposite
sign can annihilate each other. Considering nov the analogy between
the diffusion of vorticity and mass, we would expect the exhaust gases
to be detrained from the recirculation region even more slowly than the
above calculation indicates for vorticity since a means of annibilating
vorticity was present along the vertical plane of symmetry where no such
means is available to annihilate mass. '

The rate of escape of exhaust gases from the vortex is small during
the equilibrium vortex stage. The vortex tends to retain vorticity and
fluid within its confines. The vortex core is highly stable with a
tendency to damp out turbulence resulting in very low rates of diffusion.
The exhaust gases will concentrate in annulii surrounding the core at
radial distances according to the relative density between the species
and the environment. The vortex will act as a centrifuge in which gases
will be stratified according to the radial variation in density.

3.5 Asymptotic Buoyant Stage

In the asymptotic stage the recirculation region is influenced
chiefly by buoyancy. Accordingly it will tend to rise. At the same
time its vertical motion will cause entrainment of stratospheric air.

A detailed analysis of the asymptotic motion of the wake in a quiescient
stratosphere is made in Section 8.

An approximate analysis of the asymptotic stage of the wake motion
has been made by Conti, et al, (refs., 3-6 and 3-7) considering a number
of separate nonlinear effects.

These authors suggested that, in addition to the buoyant rise and
wake-induced turbulent growth, further dispersion occurs because of
wake collapse and horizontal wind shear, According to their analysis,
buoyant rise is the least influential of the mechanisms giving rise to
horizontal wake growth.
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The towing tank experiments of Fay and Overcamp (ref. 3-8) modeled
an atmosphere without wind shear, wind gznerated turbulence, and strati-
fication. The experimental results confirw the predicted growth due to
buoyancy in the absence of these atmospheric effects. Although wake
collapse has been observed in the case of wakes in a stratified medium, it

has not been observed in experiments on buoyant plumes. When buoyant plumes

level off, they become internally stratified to the same extent as the
surrounding fluid and no further turbulent mixing occurs. It is still not
clear whether wake collapse will play a significant role in the asymptotic
stage, but is seems probable that buoyant forces play a more significant
role for supersonic aircraft than for subsonic aircraft because of greater
-rake heating.

The ultimate dispersion, on time scales of months or longer, cf
exhaust products will be determined by the rates of natural stratospheric
dispersion which are governed by horizontal wind shear and stratification.
The present study is mainly concerned with establishing the initial con-
ditions for the dispersion by considering the movements and rates of

dilution of the exhaust products from the engine exhaust through the
aircraft wake.

4.0 ANALYSIS OF HOT SUPERSONIC JET CHARACTERISTICS

4.1 Introduction

A method of determining the hot jet characteristics for a supersonic
jet in a coflowing supersonic stream verified by experiment for the range
of interest was not found in the literature. Since the details of the jet
flow must be known to determine whether it is entrained by the trailing
vortices, it was necessary to develop a theory for .the jet chara®teristics.
Only one set of data was found (ref. 4-1) for supersonic jets in supersonic
coflowing streams with heating, and these data have been used to determine
the eddy viscosity values which are the basic empirical inputs into most
if not all jet theories.

In the theory which follows constant pressure turbulent mixing has
been assumed. For our example case the jet exit pressure and atmospheric
pressure are closely matched. We have assumed that the velocity, concen~
tration and temperature profiles at the jet exit are uniform. 1In the case
of pressure equalization external to the nozzle some departure from the
conditions of uniformity is to be expected.
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In the ensuing analysis most of the work is carried out in terms of
nondimensional quantities. Such quantities as density, tempefature, velo~
city, and stagnation temperature have been nondimensionalized by the
values of these quantities at the jet exit. All distances have been non-
dimensionalized by the jet exit radius. Asterisks have been used to
designate dimensional quantities and nondimensional quantities carry no
asterisk.

4.2 Basic Equations of the Jet

The problem to be analyzed is the turbulent mixing of an initially
uniform axisymmetric jet exhausting into a uniform coflowing stream under
the condition of a uniform static pressure throughout the flow field ex-
ternal to the jet nozzle. The general features of the flow field as well
as the nomenclature are depicted in figure 4-1. The axisymnetric flow
field is described in terms of a radial and anaxial coordinate, r* and z*,
and the jet nozzle radius, r:. The local thermodynamic and gas-dynamic
parameters are designated as follows: the density, p*; the stagnation
temperature, T:; the Mach number, M; and the wvelocity, U*. The free-
stream properties are denoted by the subscript, «, while those of the
initial uniform jet are denoted by the subscript Jj. The properties
evaluated along the axis (r* = Q) are denoted by the subscript, c, those
evaluated on the streamtube containing the original jet mass flow are
denoted by the subscript, d, and a general streamtube by the subscript s.
The outer boundary of the mixing region is designated by the radius r:.

The jet is considered in two parts. For some distance downstream of
the nozzle exit a potential core exists, as shown in figure 4-1, in which
the velocity and thermodynamic properties are uniform at the values at the
nozzle exit. The local radius of the potenti:l core is designated rz.

The axial distance over which the potential core exists will also be termed
the near field. Downstream of the potential core the velocity on the jet
centerline U: progressively decreases. This region of the jet is “erm~d
the far field.

The integral form of the governing equations for conservation of mass
and momentum along a streamtube, s, are!
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Mass
*
r
d S x % x_ %
iy pUrdr =0 (4-1)
dz 3
Momentum
*
Es
*-  * * % * % % * %
d_ Jf o N ertart = rh(2N)c (2, 1) (4-2)
dz 3
where

* *
rs(z ) is the radius of a given streamtube, s, at any axial
*

position, 2z .

t (z ,r.) is the shear stress on the streamtube, s, at the axial
*

position, z .

*
- prer L for turbulent £low
dr | %
rs

€ is the eddy viscosity in the flow field evaluated at
the streamtube, s.

Integration of equation (4-1) along the streamtube beginning at the
lip of the jet nozzle results in

r*(z*) *
o *u*rtar” *ul ot (4=-3)
-. _-m -
P P3¥3 T2 3
°

.*
where mj is 1/2r times the mass efflux from the jet nozzle.

The total jet mass flow per unit time is proportional to the quantity

* *  * * %
r (z) r.(z) r (z)
e * k k% d * kK K e * k Kk k ek ek, %
pUrdr = p Urdr + pULrds = mj4-ma(z ) (4-4)
*
o ° ry
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Sk *
where ma(z y is 1l/27 times the mass flux of free-stream fluid entrained

in_the_mixing region up to the station z .
* *
At the outer edge of the mixing region, re(z ) the shear stress,

* * *
T (r_{(z )), vanishes. The total jet momentum is thus proportional to the
quantity

* *

r (z)

e * %, *d * .*U* ok Kk

puU®rdr = mj 3 + ma(z YU, (4=5)

o

*
which indicates that the momentum inside ry at any axial station is equal

to the original jet momentum,

ok % %* * *
2 U, = (U.)2r 2
Uy = mey(Ug)EEy

plus the momentum ingested into the mixing region from the free stream,
ok K
2vman.
l*
If we replace m, using equation (4-4)

*

r
.k € % % * o*
m, = pUTr dr - mj (4-6)
o
Equation (4-5) may be put into the form
*
Y
€ % x x * Kk _ * R ) *
pU (U ~U )r.dr = mj(Uj-Um) (4-7)
°

for future reference.
A similar treatment of the energy equation yields
*
r
€ % % * % ok _*
p UH T dr" = + m H (4-8)
o

*
Hj ®

o
3

where H* is the stagnation enthalpy of the fluid, By substitution of
equation (4~6) into equation (4-8) one cbtains
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We note that it is unnecessary up to this point to presume that the dif-

CERNEr S |

fusion of momentum and energy have proceeded to the same outer boundary.
The above relations merely require that r; encompass the more extensive _
of the two, so that there is no contribution to either integral of equa- -
tions (4~7) or (4~9) for r* > r;.

promroct

It will be convenient to normalize all quantities with respect to
their values in the initizl uniform jet since all such quantities will
always be nonzero which may not be the case for the free stream. The

Rt

resulting quantities will be simply those previously defined, but with ‘ ‘

3. —

the asterisk removed. iay

(4~10a)

sy X

for a perfect gas of uniform molecular

weight in a constant pressure field (4-10b) B

-
Ld

(4=10c)

u.cj-lca- ’ax-lu'.-]:. L:.O*IL'*

* v
T v
- :’ = Ty for a perfect gas of uniform (4-1.04)

Toj specific heat

*

e
L]
‘jnlm
*

*

(4-10e)

]

| ]
2] |H
= J

N
*»

(4=-10f)

e
o »

With the assumptions of uniform molecular weight W and specific
heat °p and using these normalizations, we can write using the ratio
of specific heats vy = cp/cc,
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T, = To (1 + LM/ ) (4-11)
u, = VT, M /My (4-12)

We also normalize the entrained mass flux,

. *
m, = ma/mj (4-13)

sy snee famn OB BN

The governing equations may now be rewritten in nondimensional form

Mass
) rd(z) \
4 U N
2 TFr dr = 1 (4-14) .
N ‘ (o]
:
and
:
i r_(z) ;
- . e U
d ma(Z) = 2 f Tk dr - 1 (4=15) C
| ° s
| e
‘ Momentum !
4 r (z)
e U
2 T (U - Uw)r dr = 1 - U_ (4-16)
o |
! and z
r.(2) * '
d r €
d 2 .
) d rnt rq :
For a thermally perfect gas with W = 1 the energy equation may be
written as
. Energy
e(z) '
‘ u !
m 2 T (H~H)r dr = 1 ~H, (4-18)
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and for a calorically perfect gas with uniform specific heat (i.e.,
Cp = 1)

r (z)
oy (T -7, )r d 1 -7 (4-19)
2 = - r dr = - -
T o % C
(o]

In order to complete the formulation of the problem, it is necessary
to introduce further information on U, T and eg. The former two appear
in integrated form only and reasonable approximations to their functional
dependence on r and z should yield a reasonably good solution. The
axial coordinate enters the problem explicitly only through equation
(4=17). It is thus seen that the eddy viscosity determines the axial
scale of the solution.

4.3 Temperatur=z~Velocity Relationship

Equations (4-14), (4-15), (4-16), (4-17), and (4-=19) can be evaluated
if nondimensional similarity profiles for velocity and temperature are
introduced into the integrals. Another approach would be to utilize a
nondimensional similarity profile for either temperature or velocity, and
relate these variables through a Crocco-type relationship. If the latter
course is chosen, then equation (4-19) is superfluous. To the extent the
Crocco~type relationship ocbeys the law of the conservation of energy,
equation (4~19) will be fulfilled. 1In our analysis we have chosen to use
a Crocco~type relationship between temperature and velocity and to make a
check of equation (4-19) with the resulting solution. Assuming unity
Prandtl number, approximate relationships between temperature and velocity

have been given by Crocco (ref. 4-2) and Woolley (ref. 4=3) for laminar or
turbulent flows,

The Crocco relation indicates that the stagnation temperature of a
thermally and calorically perfect gas having Pr = 1 and a constant and
uniform specific heat is a linear function of velocity.

T; =A' + B'U* (4~20)

The coefficients A' and B' may be suitably defined to satisfy the
boundary conditions on T; and U*,
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This relation has been well confirmed for low speéd laminar flows.
For high Mach number flows, however, it has been found to be at consi-
derable variance with the measured temperature-velocity distributions,
In particular, in the so-called hypersonic limit the stagnation temperature
has been found to vary with the square rather than as a linear function of
the velocity.

Woolley (ref. 4-3) has shown that for turbulent flows in particular,
the time mean static temperature for a perfect gas with constant and uni-
form.specific heat should be a linear function of the time meafi velocity

* *
T = A + BU (4-21)

for unity turbulent Prandtl number with the turbulent processes dominating
the molecular ones. Both T* and U* are time average quantities and the
coefficients A and B are evaluated for the particular boundary conditions.
It is noted that this relation will approach the observed stagnation
temperature-velocity relation for high Mach number flows; i.e.,

- *
To = A 4+ BU + (4-22)

*
2cp

where (qz)“ - U2* + (u'z)* + (v'?)* —'(Ue)* assuming (Ua)* >> (u'a)*
———* — —
+ (v'2) where (u'a)* and (v'2)* are the mean square of the longitudinal

and transverse components of the fluctuating velocity field, respectively.

This modified Crocco relation, equation (4-22), was shown by Woolley
to satisfy the time mean energy equation appropriate to turbulent flows
with unity Prandtl number.

Both the Crocco and the modified Crocco relation can be expressed in
a single form valid for the entire jet for the following boundary conditions
at the jet exit and at the frec-stream boundaries.

Jet Exit: Tg, = Ty = Uy = 1

of

Free~Stream Boundaries: Given T, , T, U,,
o o0
o«

which 2 are independent.
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The stagnation temperature is of the form

T -T
o~ "9 U, -U pc3 DC2(U_~U_)2

® _ c © 3 -U - = it ¢ o ey _
1 - T, I:l - U 1 - R (Uc co) (1 Uoo):| U + 1 “T, U (4=-23)

[+] o) o
where ,

o sl
C2 = jet Crocco number = - = —
J 2H; 1+ M

0 for Crocco relation, equation (4=20)

D =1 for modified Crocco relation, equation (4-22)

U = normalized velocity = (U - UW)/(Uc -u)

The static temperature form is

Y =1 2
T -T, U, - U, M3 _
l-Tw-[lc-Uw + (1 = D) Tz'_—,rzl(l-Uw)(Uc-Uw)]U
Y=1
- (1 ~-D) 1—2_—,1,—1 (U, - U,)20? (4-24)

In the above expression we note that U,=u, = 1.0 in the potential
core region (i.e., for 2z ¢ £p), but U, is variable for z > lp.

4.4 Reduction of Equations to Similarity Form

It has been experimentally observed that the velocity and temperature
profiles in jets exhibit self-similar behaviors. That is, appropriate com-
binations of the radial and axial coordinates will reduce these profiles to
functions of a single variable to a high degree of accuracy. The resulting
mathematical advantage afforded by such a simplification is that many of
the integrals in the governing equations then become independent of 2z, and
require calculation only once. Hence we will seek to pose the problem in
such a form. Since we have already expressed the temperature as a function
of velocity, we are concerned only with the velocity similarity law.

Numerous theoretical and analytical investigations of turbulent mixing,
Schlichting (ref. 4-4), Abramovich (ref. 4-~5), Crane (ref. 4-6), Maydew
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and Reed (ref. 4-7), have indicated that the velocity profiles for both
incompressible and compressible flows are virtually indistinguishable.
The functional form suggested by Abramovich for axisymmetric flows will

be used:
U=(1-17%2)2,0gng1 (4-25)

where

cl
n

normalized velocity distribution

(U = U/ (U, - ) = (° = U/ (U, - Uy (4-26)

o

n = similarity variable

(r - r;)/(rgy = r;) = (r = ri)/b (4~27)

This definition of terms in equations (4-26) and (4~27) permits the
continuous application of equation (4-25) over the entire length of the
jet. 1In the region of the potential core, U, = Uj = 1, In the far field
beyond the potential core, Uc = Uc(z) and r, = 0 with 2z > zp.

In reducing the jet equations to similarity form we first note that

r = b(n + ri/b) (4=-28)
g% ﬂ (4-29)
2 . N - _A<fr_i EATEN B}
oz |, g% n MY a é%1z dz n  P\dz * M az/an . (4-30)
and
r r, Lo 2
fg(r)dr-fg(r)dr+fg(r)dr- f g(r)dr-’-—zi
o ry o ry

if g(r) = r for r gr,.
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We will now rewrite equations (4-14), (4-15), (4-16), and (4-19) in
a similarity form using equations (4=-25) through (4-31).

Mass
T]d Tld
2 u u - x - -
b l' 2 dn + ;b 2dy =5 (1-r3) (4-31)
o
and
1 1
ho(z) =202 [ L pdan+2eb |2 - (1 - r2) (4-32)
a T N 9N i) TN i
o o
Momentum
1 1l
U U 1
ba_["i (U - Uw) n dn + ribf;r- (U - u Ydy = 0} (1-Uw) (l-ri) (4-33)
o o
Energy

1 1
b2I% (Ty=To )n dn + brif% (Tg =T Ydn = -;- (1T ) (1-r3)  (4-34)
o o

The conversion of equation (4-17) to similarity form is somewhat more
complicated. The left-hand side of equation (4-17) may be expanded as

follows:
r.(z) r.(z) r.(2z)
d i 4
3z j. T £ dr Az T r dr + T r dr (4-35)
[0} o ri(z)

The first term in the brackets on the right-hand side represents the
axial momentum of the core.

r.(z) 2 .2
U= r dr
4 [ e d e il . 4
dzf T ¢ dr dz['rc 2] ry 3z (4-36)
o
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since r; = 0 when Uc and Tc ¥ 1.

The second term on the right of equation (4-35) may be written

r.(z) 2 r.(z
| 3] dr dr, d
-5 U2 = 2 —4 _ — é—L -
dz f T T dr Td ry Fz X, a3z f —S—v r dr (4-37)
£, r;(2)

The last term in the above may be written

£q(2) 2 N (2 2
_&/_urd”bgf [ 3(z/T)
o)

r;(2)
dr, r.
1( S5 gU24T) _1_)
'b(dz + I + 5 )on (4-38)
Noting that

du du

o(w/T)| | o(WB/T c —< .
Sz T, 3z and 3z 0 when r, # 0.
n

the first term on the right of cquation (4-38) becomes

Tld
2
b"-f 2L/, +"‘>dﬂ=b2'—l ‘%‘MUI . "d" (4-39)
c
o
Integrating by parts and noting that
ri)
rg = b <nd + 5
and
4ng _1(%rq 2y
dz b \ dz dz - 'la az
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The second term on the right of equation (4-38) becomes

n
[ 2te/m) (dri . _)d % (L, %e %), 05
3n dz N M=7, Tq\" dz ~ az i dz
3 4 d
Na >
+bf H‘I‘—[dz +'d—h 2q+—>]dq
[o)
(4-40)

The right-hand side of equation (4-17) is rewritten simply as

* *
bo € b o
d_%ddu -la_ca_du .
o o OF ey T, o * 3l (4-41)
n"d “j d Uy =Ng

Collecting equations (4-35) through (4-41) we may now rewrite equation
(4-17) in similarity form

v2 dn dr, Ad dr, _:L_)]
a d i u2 i, db(2n +
br, === + r + bf T [ 3z ' az
°

du d r
2 9 (U/T - 2 QU -
+ b dzf_tmcLl. an =3 <q 5yl (4~42)
o n ™Na
where
€*
€g ™ -;%,— (4-43)

In the application of equation (4-42) it is recalled that either

du

-a;g- =0, ry 20 1iear field)
or
»:ir:i
r, "G5 " 0 (far field)
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4,5 Eddy Viscosity Determination

The axial length sca.e through equations (4-17) or (4-42) is locally
proportional to the eddy viscosity, €g° There is, unfortunately, no
reliable theory and little direct information on the determination of the
eddy viscosity for supersonic jets in supersonic co-flowing streams, Our
approach is to correlate such data as can be found i1 the literature into
a model for the eddy viscosity, ¢* and on the basis of that correlation
estimate the eddy viscosity for the present circumstances.

The eddy viscosity is defined by the relation

The form of eddy viscosity used extensively for incompressible free
shear flows is

L o*
€ (Upax ~

min) (4-45)

* *x * 3
s ptet AL (4-44)

‘ Ar 3 |
where 1%
" N . | 3
T = turbulent shear stress (Reynolds stress) associated with 3
a point in the flow field. 'i
3 * g
= p = density at the point. 3
* * \

- dU /dr = radial gradient of the velocity at the point. % \
- S
‘%

| it !
e

where
*
b = measure of the shear layer thickness
K = nondimensional coefficient whose actual magnitude depends
*
on the choice of b .
* * . . . . .
Umax’Umin = respectively, the maximum and minimum characteristic

velocities of the shear flow.
In the present analysis we have adopted the general functional form
of " given in equation (4-45). We have taken b* to be the radial
width of the mixing region,

b = ro = Iy (4~46)
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and
u -U . =U_ - U (4=~47)

For the present analysis, any effects on the eddy viscosity rot fully
accounted for by these two factors are contained in the parameter K.
Thus,

* *
€ =Xb (U, - U,) (4-48)

Numerous investigators have noted that the eddy viscosity is dependent
not only on the velocity difference across the free shear layer, but also
on the velocity ratio, U_, (see, for example, Schlichting (ref. 4-4),
Abramovich (ref. 4-5), and Sabin (4-8)). This additional dependency on
velocity ratio appears to be expressible as a function of j

——

[y
-

A= (1+U)/(1 -U) (4-49) , i
The effects of density differences in the far field in the absence of
thermal differences was investigated by Ricou and Spalding (ref. 4-9) and { \
found to be expressible as a function of the density ratio, ,_ - . T

Investigations with heated jets, e.g., Corrsin and Uberoi (ref. 4-10)
have indicated that the temperature ratio of the streams, T_, is a cor-
relating parameter in this case.

Wwarren (ref. 4-11) found little effect of temperature on the eddy
viscosity when the effect of Mach number was included in his study of
single supersonic and subsonic jets in a quiescent atmosphere. It now
appears that this effect is interchangeably expressed with the combined
effects of the density and total temperature ratios. Similar data from
Maydew and Reed (ref, 4-~7) are in accord with this observation,

Wilder and Hindersinn (4-12) studied the mixing of a two-dimensional
jet in a co-flowing stream., The total temperature ratio and the Mach
number of both streams were varied systematically in their study. The data
are the only ones of their type found in our literature search., Their
results are detailed in Wilder and Hindersinn (ref. 4-=-1) and provide 19
data points within the following ranges: total temperature ratios,
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0.5 < Tp, < 0.8; jet Mach number, 0.9 < Mj < 2.8 3 and free-stream Mach
number, 1.25 < M < 1.6. An eddy viscosity correlation depending solely
on the ratio of the two Mach numbers (i.e.,, independent of To,, and T,)

is suggested in this study. This correlation. based on the ratio Mj/Mm’

is clearly not applicable to the condition of a quiescent free stream where
M_= 0.

©

With this background K is assumed to be of the form

K = K £ (pes Togs Us) (4-50)
where it is assumed that
a_b
£(Pes To»Use) = PoTg A" (4=51)

Ko = absolute constant

An attempt was made to correlate all available data within this format

and to evaluate K, and the exponents a,b, and c.

The eddy viscosity data used in the correlation study were put into
the rormat indicated by the preceding equations. Because of the many
* *
definitions of € ,b , and the analytical approaches used in the various

investigations, it was necessary to reduce the published data to the

present format by the procedures given in Appendix 4A. The data were all
reduced to give the effective K defined in equation (4-50) for the given
experimental conditions with the definition of terms prescribed in the

preceding equations. The resulting data and sources are given in Table 4-I.

The data of Table 4-I were systematically used to evaluate the expo-
nents a,b, and ¢ of equation (4-51). These data were primarily determined
from near field measurementé. It was fouud that the coefficients a,b,
and ¢ were all approximately equal within the accuracy of thz given data.
The values of K may thus be correlated as a function of the single
parameter: '

a = pw’I‘owK {4=52)

The correlated cata are shown in figure 4-2 where it is observed that
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(P To_,Uy) = a®+° (4-53)

appears to express the dependence of K on a very well. The free-jet

data of Warren and the data of Wilder and Hindersinn both appear to fall
along lines parallel to ao'9

The Mach number dependence noted by the preceding investigators

appears to be reconciled by equation (4-53)., To see that this is reason-
able we note that

*
T T *
ooo o‘m El
Q= pTo A= F— A= %X
®© T T
o5 o
1+ ﬁLéiihmg
a = £ A (4-54)
1 +L2-AM§

From equation (4-54) it is seen that for Warren's free-jet case where

M, =0, A = 1, the effective K was found tc decrease with increasing Mj'

Further expansion of equation (4~54) shows that a is only a weak
function of Tow when expressed as a function of M_ and Mj. It is
noted that

U* * "I‘* (1 + :.Y__:_.J_-Ma.)
Up = - = 22 E% = ;2 :w f T -
uy 3 Vo 3 Toj(l + =2
Y -1
I To, b+ T M)
" (1 + 5= m2)

Combining this expression with equation (4-54) yields
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Examination of equation (4-55) indicates that a is almost independent

of To,  for small values of MQ/Mj and only a function of To;/a other~
wise. Thus the correlations of eddy viscosity using Mach number will show
little effect of stagnation temperature in accord with both the results of
Warren and of Wilder and Hindersinn.

(4~-55)

ZIQZ

A: can be seen from figure 4-2, the correlation of K as a function

of a alone shows two distinct curves for M, =0 and M_ > l. It was
noted that the upper group of data (i.e., those with the higher values of
Ko) were obtained with the external stream either gquiescent or with the
entire flow field incompressible. The lower group of data (the 19 points
of Wilder and Hindersinn's data) were generally taken when both of the
streams were supersonic. Three data points from Eggers and Torrence
(ref. 4-13) fall between the two extremes. Two Of the three points are
for M_ > 1 but Mj < 1 while for the third point, both streams were
subsonic, It thus appears that the mixing of the jet with the co-flowing
stream depends strongly on whether M_ = 0 or M > 1. It is possible
that this result is associated with the different signs of the rate of
change of streamtube area with axial distance for decelerating flow at
subsonic and supersonic speeds.

RS- F I EAErEel - - B

@ O AR b AT TIRESR A TRl A T ¥ S 1 b e

The range of a in the supersonic jet and supersonic free-stream
data (Wilder and Hindersinn) is approximately a factor of 20, from 1,55
to 29.5. For the case of present interest o is approximately 4. It is,
thus, in the range of the Wilder and Hindersinn data, whereas the free-jet
data are for a £ 1.

The preponderence of data for conditions closest to those of present
interest, even though these data are almost entirely from one investigation,
suggest that the eddy viscosity coefficient, K, for mixing of two super~
sonic streams is best represented by
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K = 0.0009 a°* (4-56)

Therefore, this is the formula employed in the analysis.

4.6 Computer Solution of Equations

The equations previously developed were programmed for computer inte-
gration in the streamwise direction to obtain the development of the flow
field. It is noted that in the near field the knowledge of one local char-
acteristic of the flow field, e.g., b, will permit the calculation of the
remaining ones, e.g., r; and P through equations (4-33) and (4-31).
Similarly, in the far field, if one knows, for example, Uo s the same two
equations permit the computation of b and rq - Thus, it is only necessary
to obtain the variation of one characteristic with axial position to obtain

all. fThis variation is obtained by integrating equation (4-42) in an
appropriate form.

4.6.1 Near field calculations.- In the near field, U, =1 and
dUc/dz = 0. Thus, equation (4-42) may be written as

br U2 d dr, d
é _ (IZafa\qu ] ek § el
p” <T- -~ /{ +r, T T T 2n+ +r, dn
o

(4-57)

The derivatives, dri/db and dnd/db are obtained by differentiating
equations (4-33) and (4-31), respectively, with respect to b.

dr 1 1 1
i u U u
-CE--.-be-T—(U-Uw)ndn"'rifﬁ(U-Uw)dn IE(U-U)dq
o (o) o
+ ri(l -u,) (4-58)

dri r bU
{ 2 + Tb->+ ri]dq + ri db ( (4=59)

The value of -, is determined at each station by iteration of equation
(4-31) with the values of b and ry already computed,
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The integration of equation (4-57) was carried out by assuming a step

size Az and determining
db
b(z + A2) = b(z) + Az az (4-60)

The initial conditions are b(0) = O, ri(O) = rd(o) = 1, We then

determine ry by

v (z + b2) = r,(2) + 0z §2 d;f- (4-61)
This value of r; was compared to that determined from equation (4-33)
for bz + Az). If the two values did not agree within an allowable
tolerance (e.g., 0.1 percent), Az was halved and the computations repeated
until the tolerance was met. The calculation of 17, was then performed by
iteration of equation (4-31). New derivatives, dri/db, dﬂd/db and db/dz:
are then computed and the cycle continued until the position r, = 0 is
found. This is the end of the potential core.

4,6,.2 Far field calculations.- In the far field r, = dri/dz = 0 and
U. is used as the primary dependent variable in the integration of equa-
tion (4-42). 1In a procedure identical to that for the near field the
derivatives db/dU, and dqd/dUc are found from equations (4-33) and (4-31).

1 1
db
ﬁ:"fa%[‘“’-‘”]
o

7 dn///;b J( % (U = U )7 dy (4-62)
N

o
2U T]
(——-,—r-‘-’—‘i> (4-63)
d

du 1 U2 dr Ad Ala
Dol e - B N _xyuave

- b rend —_— = N 1 + b 7| d‘q
| =g Td d du c dz

dUc

dy !
a'i‘i'-%ib—f ,]d”,gj’ aym

Equation (4-64) was used to evaluate AU, at a selected Az as was
done with b in the near field. The initial condition Uc(lp) = 1 is
used with the remaining values coming from the near field computations.
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A tolerance was set on b determined from Az , equations (4-64) and (4-62)
and from equation (4-33) as was done for ry in the near field. Upon
satisfaction of the tolerance, other values were calculated at the new

position.

The new value of N9 is again computed from equation (4-31) for Uc
and b at the new station.

In the calculative procedure the energy equation is never required.
It is, however, important that the assumed velocity~-temperature relation
satisfies this equation. This is checked at each step (Az) of the calcu-
lation in both the near and the far fields. Equation (4~34) is put in
the form

or

1l 1

bngTnd1'+br f
T "ot W i

(@) (o]

i

- L - x2
Todn = 3 (1= T ) (1 -z

1
+ T bzf%ndn+brif%dq (4-65)
[+ ]
o

Both the left and the right-hand members are calculated and printed out
for comparison at each step of the calculation. It is seen that the left-
hand side is related to the energy within the mixing region at a given
axial station, E. > and the right-hand side is the energy which has entered
the mixing region up to that station, E, . The two were found to agree
within 3 percent or better at any point along the axis. This percentage
was accepted as a sufficiently accurate balance of the energy equation by
using the assumed velocity profile and temperature-~velocity relation.

4.7 Concentration of Exhaust Gases

In the development of the governing equations it has been assumed
that differences in the molecular weights and specific heats of the undi-

luted exhaust gas and air are negligible. Such differences as may exist
affect the turbulent mixing process primarily because of their effect on
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the density distribution in the constant pressure mixing region, We can
show that

p = % (4~66)
where
W= w*/wg
W* = Molecular weight of mixture at any point
W* = Molecular weight of undiluted exhaust gas
J (at jet exit)

In general, W will vary through the mixing region if the molecular
weight of the undiluted exhaust gas and external stream differ. The local
molecular weig&t may be expressed in terms of that of the jet, W; and the
free stream, W, and of the concentrations of the gases present. 1If we
assume that there are effectively only two gases, the jet and the free-
stream gases, we may represent the mass fraction of the jet gas present at
any point by c. The quantity W at that point is then

We=oc+ (1 =c)W, (4-67)

where

wa® ¥
W, = Nm/Wj

W; = Molecular weight of the free-stream gas

Specie differences also affect the distribution of energy in the
mixing region due to associated differences in the specific heats of the
species. Thus the enthalpy ratios in equation (4-18) cannot be simply
replaced by corresponding temperature ratios, but must incorporate the
associated specific heat ratios also. Thus

H = cpTO

where

*, *
P P Pj
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In exactly the same manner as for the molecular weight, the specific heat
may be expressed in terms of the local concentration and the specific
heats of the jet and free stream.

cp = ¢ + (1 - c)cp°° (4-68)

where

cp /c = ratio of c;'s of the free stream
® j and the undiluted exhaust gas.

Consider now the differential equation for the concentration distri-
bution. 1In a manner similar to that used for the temperature, we may
associate the concentration and velocity distributions by the similarity
of their governing equations. The differential equation governing momentum
transport in a constant pressure, turbulent axisymmetric flow is:

Momentum

pU % + pv g— = = éi (rpeu St (4~-69)

The conservation of matter leads to the following equation for the
concentration

Species
pU % + pV a:‘: % St (rpem §>+ w (4=70)
where

w = the generation rate of the species associated with ¢ by
chemical means

€ " the coefflcient gf turbulent diffusion for the species
involved = € /r UJ

€ " the coefficient of turbulent momentum diffusion (eddy
viscosity coefficient) = ¢ /r*

n'J

We observe that these two equations for U and c¢ are of identical
form if w = 0, Hence, we may assume thet-

c = c(U)
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and obtain from the above equations with w=0

U bU QU \ dc JU \2 d2c
(& v )5~ —[si(rpems? g+ e, (87) ;;] (4-71)
Defining the Schmidt number as
*m
S, ==
c €

and multiplying the momentum equation by de/dU we may obtain

2 [ L] s () dc _

rpe (S + rpe€ ~— =0 (4=72)

or u'Ce we \ or qu2

If the Schmidt number is unity, i.e., €y = €pr ve find simply that
¢c=A,+BU (4=73)

Hinze and van der Hegge Zijnen (ref. 4-20) investigated experimentally
the spread of tracer gas introduced into the nozzle fluid of subsonic
turbulent jets. The turbulent Schmidt number was found to vary slightly
across these jets and to have an average value of about 1.36 across the
jet. Such differences compared to the assumption of sc = const. = 1
should be of little consaquence in the present analysis due to its integral

nature and due to the small difference between the actual Schmidt number
and unity.

Using the boundary conditions
c=1 when U=1

c=0 when U= 1U

oo
the coefficients Ac and B, may be evaluated to yield

¢ ol ln (4-74)
T -0,
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Introducing the similarity velocity profile

- U-1U 3
U= o= (1 -1%2)2 (4=75)
c o
where
U, = Uc(z) the jet centerline velocity
ﬂ-(r"ri)/b
we obtain
U -uU
c o =
c 1 -0, U (4~76)
or
U -~Uu
- -C o) _ .3/2,2 -
c 1 -0, (1 =177 (4=~77)

The mixing calculations provide Uc(z), ri(z) and b(z) such that
the entire concentration distribution, c(r,z), may be determined.
Calculations for the present situation have been carried out under the
assumption that Cpe ™ W, = 1, that is, neglecting differences between

specific heat at constant pressure and molecular weight between the free
stream and the jet.
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Synmbol Investigator(s) Mach Number Ranges

My M,
O Liepmann and Laufer = 0 0
r Albertson, et al. = 0 0
@) Corregin and Uberoi = 0.08 0
Pabst 0.85 0
warren 0.69 - 2.6 0
(&) Maydew and Reed 0.7 - 1.96 0
o Baker and Weinstein = 0 = 0
Q Eggers and Torrence 0.47 - 0.9%4 0.58 ~ 1.30
A Wilder and Hindersinn 0.94 - 2.8 1.25 - 1.60
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Figure 4~2.- Correlation of eddy viscosity coefficient K.
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APPENDIX 4A
EXTRACTION OF K FROM VARIOUS DATA SOURCES

In the following the methods are shown by which the eddy viscosity
coefficient, K, defined by equation (4-48) was obtained from the published
data of various investigators: Warren, (ref. 4-1l), Corrsin and Uberoi,
(ref. 4=10), and Pabst (4-16):

Warren investigated the flow field of compressible axisymmetric jets
exhausting into still air. 1In his investigation Warren defines the eddy
viscosity (in present notation) as

u*

e* = Kw(r:/z - r;) -t (4A~1)

where

r:/z = the radius at which the velocity is one-half the
centerline (jet) velocity
We may equate equation (4A~1) with the present definition, equa-
tion (4-43) since €* must be the same for both. Since U: = 0 in
Warren's study, we see that

1. Fage TFi_2
k=32 K b* 2 “whi/2 (42-2)

The ratio (r:’:'/2 - r})/p* = Ny, and is found from the assumed
similarity velocity profile, equation (4-25), to be

Nyp = 0.44 (4A=3)

Warren has determined values of K, based on the definition given
in equation (4A=-1) for his measurements as well as those of Corrsin and
Uberoi and of Pabst, Equations (4A-2) and (4A-3) were used to calculate
the K's presented here from those appearing in Warren's report.

Warren determined his value of K by obtaining the best match of
his analytically selected velocity decay rates to those measured by him.
In order to correct for differences in Warren's analysis and the present
one, we also calculated his measured potential core length for his
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experimental conditions using the present analysis. Another value of K
was obtained in this manner. It was found that the resultant K's were
only slightly different from those given by Warren. The calculations are
tabulated in Table 4A-I. Since these values were more directly comparable
to the other data obtained, they were used in the correlation. The K's
computed in this manner for the Corrsin and Uberoi data and for the Pabst
data were identical to those computed using equation (4A-2).

Baker and Weinstein (ref. 4-17):

The study of low speed turbulent mixing of co-flowing dissimilar gases
by Baker and Weinstein also included some measurements for air-air mixing.
The definition of eddy viscosity used in this study was similar to that in
the present analysis except the mixing zone width, bg-OS, was defined as
the distance between points where U= 0.05 and U = 0.95. Thus,

K = Kg o _/b*

= K
B Mo, o5
From
n= (1-77%%>
Ao, 05 © [l - (0‘05)1/2]2/3 - [l - (0.95)1/2]2/3
= 0.844 -~ 0.086
= (0,758
Thus

K= 0.758 KBW

Maydew and Reed (ref. 4-=7):

Maydew and Reed measured velocity profiles and mixing region growth
in the initial (potential core) region of sub and supersonic jets issuing
into still air. They compared analytical solutions for the jet velocity
profiles given by Tollmien (ref. 4-18), Gortler (ref. 4-19), and Crane
(ref, 4~6). These solutions are based on a similarity variable

£ = oy/2
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where
y is the distance from the point where U = 1/2

o is the similarity parameter for the velocity profile
chosen to indicate the spreading rate of the mixing
region,
The spreading rate measured by Maydew and Reed is the spread of the
two points in the velocity profile, where U2 = 0.9 and U2 = 0.1, and is

denoted as b .

0.1
db _ 1
dz AEo-1 a

where

A = £ - §
°:1  Ty?=o,s  “uP=0,1

An _-n -
c.1 U2=0. o nuzso,l

The coefficient K is related to o and Db, in the present case by

1

1 (8b,,,/d2)®

K = ——= =

202(db/dz) 2(a€, ,) (db/dz)

Ang 3 db

2(Aeo.1)2 .d—z- (4A~4)

For th2 Crane velocity profile used by Maydew and Reed

Aty , = 1.3

For the present velocity profile

ANg , = 0.333

Thus, equation (4A-4) becomes

e s D




K = 0.0905(dbo 1/dz) (4A=~5)

which was used to obtain K from these data.

Eggers and Torrence (ref. 4-13):

This study is concerned with the mixing of an axisymmetric jet with
a co-flowing stream. The jet Mach- number ranges from C.47 to 0.94 and the
free-stream Mach number ranges from 0.58 to 1.3. Both streams are air and
have the same stagnation temperature.

The eddy viscosity definition used in this investigation was not based

on the velocity difference.between.the_streams but only on the jet velocity.

Thus,

- * * -
€* KEbo.esUc (4A‘6)

where

b = r"(U = 0.5 = c*(U = 0.95) (4A=7)
0, 95

Comparing equations (4A-6) and (4A-7) with equations (4-49) and (4-46)
respectively, it is found that
R SRV TR
and

* *
o,as/b - . 355

Thus,

K = 0,355 KU/ (U, = Up) (4A-8)

Equation (4A-8) was used to calculate K from the Kp of Eggers and
Torrence.

wilder and Hindersinn (ref. 4-1):

In this investigation the turbulent mixing of two-dimensional com-
pressible air streams was comprehensively investigated. Stagnation
temperature ratios, To,,» of 0.5, 0.616 and 0.803 were studied within the
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Mach nunber ranges 0.94 < Mj < 2,8 and 1.25 (M < 1.6. Stagnation
temperature profiles were obtained for a total of 19 conditions within
these ranges of Mach number and stagnation temperature ratio, The eddy
viscosity was evaluated for each of these conditions based on an error
function wvelocity profile. The Crocco relation, equation (4-20), was
assumed to hold between the stagnation temperature and the velocity fields.
Therefore, the -error function profile was also assumed to represent the
stagnation temperature profile, Thus, it was assumed that

B =2 (1+ 6(0) (4n=9)
where i g i \’
2 f e -
P(L) = —— e (4A-10)

¢ = (zh,s - 0/ \[(2e /UML) 2* (42-11) 1
\
- * _ m* * _ m% - - - - é - $
B (To T°w)/(T°j T°m) (To Tow)/(l T°w) (48-12) :
r: . = the radius at which B = 0.5 (4A=13)
Z=2z + a (4B-14)

a = a displacement of the origin to account for heat transfer
between the streams prior to the jet nozzle exit.

The eddy viscosity was formulated simply as

eiN|

€* = ¢

o (42-15)

After "a" was selected to provide axial similarity for the profiles,
values of (eo/L) were determined for 19 conditions by seeking the best
fit of fhe data to equation (4A~9). The selection of "a" appeared to be
somewhat arbitrary so it was decided to eliminate Zz in computing K
from (eo/L). The following is the calculation procedure which appeared
most satisfactory although three others were used and generally yielded
results within 10 to 15 percent of these.
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By comparing equations (4A-~15) and (4-48), it is seen that

U

«©

i1 =-u_l

€ Z
K= " S
UrL

(4A-16)

We also note that matching the slope of 8 at its maximum (i.e., at
8 = 0.5, £ = 0) we obtain a good match of the B8 profile with the theory.
It may be shown from equations (4A-9) and (4A-10) that

= %‘ (4A-17)
B=qg.s T

From equations (4A-1l1l) and- (4-27) it is seen that

g8
ag

e —2=21(p, _ -1 (4A-18)
2¢_ 2z .
- /__2
UNL
where 7 =n at B = 0.5, from which we obtain

a8 . /_._’eoz@ -
ac U;L b an (4A-19)

Using (4A-17) and (4A-~19) it may be shown that

2T€
- / — (— g—% ) (4A-20)
*
UXL no.s

Equations (4A-16) and (4A-20) 2re now combined to yield

u €
- ® () - -] -
<1 e/ (-4 ) -
® To.s

After evaluating (dB/dn n s) we may use the data from Wilder and
(e X
Hindersinn directly in equation (4A-21) to determine K. We now proceed
to evaluate (dBg/dn) using the relation

Nl
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. e

48 _ 48 du
dn 4au dn

Prom equation (4-23) for Uc = 1 (all data are for near field conditions).

R AL , A=)
5=[1-ch—i-—_T— U+DCj—-1_—T——U- (4A=22)
ooo oco
where
2 % - 1 - 1
c2 = (u* .H.=3'———M2./< Lo )
3 (:,/2)/:J 5 2/ 1+ MJ
0 for Crocco relation
1l for modified Crocco relation
From

1l -u)%
g&-l+Dc2£—2—)—

2 ; — (20 - 1) (4A-23)
du j 1 To°°
From equation (4-25)
T = (1-1%7)2 (4A=25)
we ohserve that
du a 1/
d_n..-s(l-n/a) /2

or, using equation (4A-~25)

g% = -377/%01 - /3 (4A~25)
Thus, combining equations (4A-24) and (4A-25)
—1 e ] - ” (l - U )2 —
%é = - 30U /“(1 - Ul/“)l/a[l 4+ D C2 ———-ﬁJE-— (2U - 1)] (4A~26)
n Jj T -7
ono
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We see that for the Crocco relation B = U and (dg/dn) = (dﬁydq)

a8 = 4U - - 3(0.5)2/2(1 - 0.5%/3)*/? (4A=-27)
anln M n
Qa5 s 005
%Q = - 1.41 for Crocco relation
n Mg .5
0.

For the modified Crocco relation, equation (4A-22) may be solved for
U with D = 1.

0,5
- - 2
_ L 1 Tow 1 TO°°
U =3 l - > > + 1+ P P (42~283)
0.5 ci(l - U) Cj(l - U,)

3

Solution of equation (4A-28) for the particular values of Mj, To,, s
and Uj and substitution into equation (4A~-26) yield (ds/dnno.s) to ke
used in computing K from equation (4A-21). The basic data and tabulated
computations are shown in Table 4A-II.

A tabulation of all final data appearing in figure 2 may be found in
Table 4A-I and Table 4A-II.
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TABLE 4A-1.- CALCULATION OF K FROM

WARREN'S POTENTIAL CORE DATA.

Computed
Experiment ng

M. T L (PreBent K 0.22

J O P Analysis) Kw
0.69 1.0 10.2 N.0904 0.00885 0.00848
0.69 0.7 9.4 0.0844 0.00898 0.00850
0.97 1.0 12.0 0.0921 0.00766 0.00791
0.97 0.7 10.7 0.0843 0.00788 0.00814
1.51 1.0 14.1 0.0977 0.00693 0.00780
2.60 1.0 25.0 0.1136 0.00455 0.00550
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5.0 INITIAL INTERACTION BETWEEN TRAILING
VORTICES AND JETS

5.1 Description of Model

During the initial stage of the jet exhaust-trailing vortex
interaction process, the hot gas jets retain their integrity and
axisymmetric shape while the trailing vortex sheet wraps up into a pair
of concentrated vortices. Because of aircraft angle of attack, the
jets originally cant downward and tend to move away from the vortices
in the crossflow plane. The component of free-strsam velocity in the
crossflow plane causes an upwash about the jets which, due to crossflow
drag, turns the jets into the free-stream direction. The downwash on
the jets caused by the trailing vortex sheet diminishes this effect

somewhat.

In determining this initial interaction between the trailing
vortices and the jet, it is assumed that the jet acts as a solid boundary
expanding outward at a rate given by the characteristics of the turbulent
jet alone and that the crossflow drag coefficient is uniform and given
in accordance with the work of Wooler (ref. 5-1). It is also assumed
that the jet remains axisymmetric about its curving centerline, that its

other propurties are the same as for no curvature, and that the jet boundary

is the proper boundary to image the external vortex sheet. Both sides
of the wing have been accounted for in the. rolling-up calculation.

In order to illustrate the method, consider the two exhaust jets
together with one pair of external vortices, as shown below.

o (:N %:)Ko

\—r=re

\\h—- Vertical plane of symmetry
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The image vortices inside each jet are included. We note that the
sum of these internal image vortices is zero for each jet, so that the
influence of the left jet on the right vortex and right jet can be
neglected. However, the effect of the left vortex and its image in the
right cylinder on the motion of the right vortex is of higher order and
must be included. A total of 10 equal strength vortices on each wing
panel, located to correspond to an elliptical loading at the trailing

‘edge, have been taken to model the vortex sheet, which is constrained to

have mirror symmetry. In addition to the pressure forces on the jet due
to the vortices, and the crossflow drag force due to the initial down-
ward cant of the jet, there will be a net buoyant force on the jet

due to the temperature difference between the hot exhaust gases and the
ambient air. The initial interaction of the jet and trailing vortices
and subsequent motion is the result of all of these conbined effects,

and the governing differential equations for the trajectories are derived

in the following section.

5.2 Differential Equations for Jet~Trailing
Vortex Trajectories

The differential equations for the mutually interactive motion of
the jet and trailing vortex sheet are derived by considering the momentum
equations for a thin cross=-sectional slice of the jet exhaust under the
combined action of the pressure forces due to the vortex sheet, crossflow
drag, and buoyancy. Consider the side and top views of the right-wing
vortex centroid and jet as sketched below

Right wing trailing

vortex centroid
‘ Y X ” E -
£ Vs .

Y ..
s F
vX
U

] 2] = f.x_c

i X2z dz
z

Ra
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The jet is initially canted downward as viewed in the yz plane at the
thrust axis inclination. As the jet proceeds downstream, it ingests
free~stream air at a rate &a given by the turbulent jet characteristics,
This tends to align the jet with the free stream, as does the action of
the crossfluw drag force per unit length, F,. The action of the net
buoyaut force FB per unit length tends to cause the jet to rise verti-
cally, while the influence of the trailirj vortex sheet pressure forces

(va’Fvy) is primarily such as to cause the jet to move in and around
the center of vorticity.

Thus, the nondimensional equations of motion of the thin slice of
the jet are given by

a . dxc

az ‘tUj a3z )~ Fox * Fpx (5-1)
. dy

d c\ _

az (thj dz> = Fvy + FDy + FB (5=2)

5,2.1 Vortex forces.- The vorte: forces per unit length (va’Fvy)
can be obtained by integrating the pressure in the crossflow plane, as

given by the unsteady Bernoulli equation, around the boundary of the
moving jet.

This unsteady surface pressure can be calculated as follows. Consider
the crossflow plane view of the moving cylinder of exhaust gas and a
typical pair of vortices centered with respect to the plane of symmetry
of the aircraft.
§y
§Ys

Tk

63

PPN e W WL

iR e 6

oA 1y RSy b R R

& I

SR L e e e S SR 3,




The complex velocity potential for this external vortex pair plus
images with respect to the moving cylinder at (xc,yc) in cylinder
coordinates 2, = x, + iy, is given by

r?
e
o (2, -~ 2_,) » (2, + )y - (2., + 2x)
vk ka + 2xc vk c
e
e . 7 .7
(2, - = (Zy + 2 . ¢ 2xc) 2
2
vk
. . r2 (x_ + iy.)
. e c ‘c
- (xc - 1yc)zl + Z + r V., ln 2 (5=3)

1

where Vr is the radial velocity at the boundary of the jet as given
by turbulent jet theory.

This is easily generalized to N vortex pairs by

N
W(Zl)=-iz Kkln

r2

k=1 é — -
(2 = = ) » 2y + 2, 4+ 2xc) * 2
vk
. . r2 (x, + i§c)
- (xc - 1yc)21 + Z 1 + r V. in Z, (5~4)

The pressure is determined from the unsteady Bernoulli equation, which
is given in nondimensional form in the accelerating (x,,Yy,) coordinate
system by Lamb (ref, 5-=2, p. 233) as

d2x d?y
1 c d¢ c c

P= Dy = P | 5 (VZ + W8) + U + U, ° {}1 + Y1
o] o 2 ®© dz (-] dzz dz2

(5=5)
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where time derivatives have been replaced by their equivalent longitudinal
derivatives, i.e, Q/3t = U, d/dz and ¢, v, and w are determined
from W(Z,) in the usual way, i.e.

® = R.P. W(Z,) (5-6)
.- and
aw .
az, v - iw (5=7)

Finally, the forces (va,Fvy) on the cylinder due to the vortical
flow field described by W(Z,) are determined by

2m

Fox * 1Fvy= - jr rep(re)e
o

18 40 (5-8)

where p(re) is the nondimensional pressure at the jet boundary
r=r,6 as given by equation (5«5).

While the expression for the complex potential (5-4) is compact,
the operations indicated by equations (5=5) through (5-8) are rather
lengthy. The resulting expressions for (va’Fvy) are given by

N
K K X
F__ = 2mr 2p E: ko k.« A
vx e r . 2 r .2 r 2
k=1 “vk vk 1 = (=)
Tvk
2 . 2
-U 4%k + ax\(2Xyk¥ ok + U Yy + dY o\ Xyk Yvk
© \ dz dz r .2 o\ dz dz c .2
vk N vk
N
K K X
+ kaxl: LS vink
2 2
k=1 Fymk L ymk 1~ ( re)
¥ ymk

{continued on next page)
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] Um< szmkym) (ayvk >< vmkrmkyvm]

1
7 .2 7 .2 U 2 §82x
+ R.P. § K.K, v + vl - — <
3 r_ 2 r 2 2 g2
all external TS
vortex vy z vi z
conmbinations vi vj
(5-9)
Y
F = 2Ty 2P Z Kk % Kk x vk
vy ® r 2 r 2
k=1 vk Tvk 1 - (=2 )
Fvk
dx dx X dy 2X_ .Y
vk c vk Yyx vk vkf vk
o (5 Sl ora) L (S R )]
N
K Y
+ Z K'k % k % vmk
k=1 Tvmk~ T omk rog *©
1- (=)
+ U, < >< - yvmk > (dyvk >( 2xvmkyvmk>]
dz
1 1
7 2 7 2 2 g2
e Lo + -
3 r? r 2 2 gg2
all external 2 - & 2 _ e
vortex vi T 7 2
combinations vi vj
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where the vortex motions are given by

u dka .\ dxc i} Kk y Yok
o \ dz Gz 2 2
r r
vk e
l - (-r-——
vk
2 2 . 2
+ U ( i ) X [_dxc x~(ka Yyk ) dy e <2kayvk>]
®\ r dz dz
k r .2 r .2
vk vk
N
X
svr w1l Y Ry | gty - L
rvka 4=1 J vk__- vi r:e2
¥k ka = z
v
N
]
- ) K| g - L (5-11)
§=1 vk vmj r 2
v 2 - e
vk 3
vmj

Tk =1 r?
37k vk %g_
v]

N
i, 1 1
Y Ky [zvk = - - -;J‘ (5-12)
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5,2.2 Crossflow dragq force.~ The nondimensional crossflow drag
force per unit length of the jet is given by the relation

1
Fpex + Fpy®y = Cp 7 Pos EARAS (5-13)

where ¢ is the crossflow drag coefficient per unit length and is
given from the work of Wooler (ref, 5-1) by Cp = 1.8, and Vﬁ is the
total nondimensional crossflow velocity (free stream plus vorfex induced)
normal to the jet centerline. For.small jet inclinations 10 the free-
stream direction, V& is given by

ax dy
o c
A -< § Vox = U —dz>ex +< 2 Voy = VY dz)@y
all external all external

vortices vortices
(5-14)
where the summations ZBan and E:V indicate the total external
vortex-induced velocities at the jet centerline in the x and y
directions, respectively. For example, for a single vortex pair
Y Y
Zvvx N I (5-15)
r .2 r 2
- "vi vmi
( -
-x.. X
zv - Kl —\-'—:- + —ﬂn-i-'; N (5-16)
Rl Fymy -

5.2.3 Buoyant force.- The buoyant force per unit length Fp
represents the net vertical force on the jet due to the temperature
differential hetween- the jet and the surrounding anbient air, and is
equal to the difference in the upward force due to the atmospheric
pressure gradient acting on the cylinder and the downward forxce due to
gravitational attraction. 1In nondimensional form, Fy is given by

Fp = 'rrr:(pn - 55) gr;/U;2 (5=17)
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5.2.4 Eguations for jet and concentrated vortex pair.- Although
equations (5-1) through (5-17) are somewhat lengthy for the general case

of N external vortex pairs, they simplify into more reasonable forms

for the case where the vortex sheet can be adequately represented by a
pair of concentrated vortices. The equations of motion for the jet
centerline and the vortex centroid trajectories are

U, 2 ax
4| ( 2y e 2) L =
dz <mjvj + 77 X "e) dz

«©

2
2r Ko Ko X0 dxvo dxc 2xy°yvo
X X X -0 = +
T, r 2 r 2 r 2 w\ dz dz .2
b
vo vo 1 - (=2 ) vo
Xvo
dy v\/x 2 -y 2 K K x
+ U vo . Q vO vO__ o « D VIO
®© dz dz r 2 n 2 r 2 r 2
vo vmo vmo 1 - ( e
Xvo
dx dx 2x d d X - 2
-u o . c vmoymg -U yxg + Y Vo Yymo
w\ dz dz r 2 o\ dz dz 2
vmo vmo
1 1l
- 2 ]
- Koz R.Po 4] + vm“Lo
r 2 r 2
z - —— Z, - =
vmo 7 VO =
vo vmo
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' 2 2
2
. X Ko x Ko x vo + U dxvo Efg Vo Yyo
Tw 2 2 " 2 ® dz dz 2
X r r x
vo vOo 1 - (_e_) vOo
! Tvo
dyVO >< 2x yVO>J KO yva
+ U d X
2 2 r 2
vmo e
1~ ()
vmo

1 1
_ z 2 z 2
_ - K 2 I.p. YO + Zymo + & - Efn_
° r 2 r?2 2 T, Uj*"2
2 - 2 - — ¥
vmo 7 vo %
vo Vo
r -X x dr dr_ dy
e vo , Evme \. y == =
+ To Ko<r 2 + r a> Uao z:| Ve 3z * 2T ‘v’-‘ w e dz dz
vo vmo
(5=19)
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dx dxc
Ue dz + dz ) =
r 2 . 2 a
Ko yvo +U n( ) dxc (xvo yvo ) + YC 2,xxgy29.
Vo -2 - vo vo
1- (9
vo
X
+ v, "°2 - K, I.P. L - L -
Lvo Zvo + zvo + .'2)\:c . .\ r \
vo Zvo + 2xc '
(5=20)
dy dy
U vo . c ).
] dz dz
2 . 2
Ko Xvo + U “(_ﬂ?_. dxc 2xvoyvo + dyc (xvo Yyo )
2 r dz dz
Lvo ro ® vo Tyoo Tyo®
1 - (?—')
vo
Y
+ revr—-xsf‘)—-xQ R.P. - - 1 "
rvo Zvo + Zvo + 2xc z . r
Vo 2 + 2%
vo c
(5=21)

and where |v1| is found from equations (5-14) to (5-16).
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5.3 Initial Interaction Calculations

The equations of motion given by equations (5-1) through (5=17)
have been integrated with 10 equal strength vortices distributed on
the trailing edge of each wing panel according to an elliptical loading,
and for the initial conditions and physical parameters corresponding to
the calculative example discussed in- Section 9. Comparisons were made
in the motions of the cylinder and vortex centroids for this N = 10
case with the analogous results obtained by concentrating the vorticity
into a pair of vortices located at the center-of-gravity of vorticity
(i.e. integrating egs. (5-18) through (5-21)), and-the results were
virtually identical. Consequently, all the calculations of the initial
jet-vortex interaction stage and also the ingestion stage were performed
with the simpler concentrated vortex-pair model.

The interaction calculations were carried out according to the
following criteria. The equations of motion were integrated from the
aircraft trailing edge downstream to a point where the outer jet boundary
(which is considered as solid during this phase) has expanded to a size
sufficiently large that the image vortices inside the jet begin to
interact with the near external vortex centroid in a strong and spurious
manner. At that location, the initial interaction calculation is termi-
nated since- it can now be safely assumed that the external vortex has
begun to tear apart and ingest at least the clusest portion of the hot
jet. The jet disintegration and ingestion process, described in the
following section, is then initiated, using as starting conditions, the
locations and crossflow velocities predicted by the initial interaction
model.
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6.0 INGESTION OF JETS BY TRAILING VORTICES

6.1 Description of Model

When the jet and trailing vortex begin to interact strongly, the
model constructed for the initial phase of the interaction process is
no longer valid and must be modified. In particular, the assumption
of the outer jet boundary as being solid and impervious to the crossflow
fiow field must be relaxed in order to track the various jet segments as
the jet disintegrates and is ingested into the vortex recirculation

region,

To model the break-up and ingestion process, the technique used is
to track the entire jet using the initial interaction equations of
Section 5 to the point of streng jet-vortex interaction, then subdivide
the jet into a number of equal area segments (5 to 10), initialize the
various segments with crossflow velocities predicted by the initial jet-
vortex interaction model, and subsequently track the various jet segments
under the combined action of the trailing-vortex pair pressure forces
plus buoyancy effects. During this process, it is assumed that the jet .
segments are sufficiently small that the mutnal interference between
segments is negligible, and also that the segments can be considered
to have no internal structure (i.e., do not satisfy a no-flow boundary
condition at their surfaces) so that there are no image vortices nor
dipoles located inside them. In additiom, since the jet is now
essentially aligned longitudinally with the trailing-vortex pair, the
crossflow drag can be neglected.

6.2 Differential Equations for Jet Disintegration

The differential equations governing the various segments of the
jet during the br2ak-up process can be obtained either from first
principles, or as a limiting case of the initial interaction equations
as both the radius and rate of change of the radius of the segments yoes
to zero, Also, because the mutaal interaction between the segments is
assumed to be small, the motion of each individual segment can be calcu-
lated independently of the others. Consequently, the equations governing
the location of an arbitrary segment of the disintegrating jet are given by
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2 2 _ 2
d X - 2 Ko Ko x +U dyvo + dyc Xvo Yyo
U2 + Uj2 —_— vo ve Vo
T
3
K K dy dy
o o) vo vmo Yymo
+ U
Vo vmo
=1 1
z 2 z, _ + 2
- K2 R.P. Yo v Zyo ) (6-1)
° Z,0 + 2x, 2 vo -

2
d Yo - 2 Ko Ko + U, dyvo 2xvoyv
az? T )\ 2 |z 2 Yyvo dz
U2 + Uj2 = vo vo
T
3
. Ko Ko -u Wyo . 4Y o\ (X ymo¥vmo
2 Yimo w\ dz daz 2
r r, .2 X
vmo vmo vmo

(6-2)

and the vortex pair by

dx dx
vO — - -
U“(dz * dz> ° (6-3)
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dy dy =K
U vo . Zc) . o (6-4)
o\ dz dz 2(x,q + xc)

Equations (6-3) and (6-4) indicate that the motion of the concen-
| trated vortex pair is strictly vertical at a downward rate equal to

their mutually-induced velocity. This, of course, is expected since

the assumption was made that .the individual jet segments are sufficiently
small so that their influence on the motion of the trailing-vortex

pair is negligible.

6.3 Disintegration Calculations

The jet disintegration trajectory equations (6=1) through (6-4)
were integrated according to the following criteria. At the end of the
initial interaction phase, the jet is divided into a number of equal
area segments (five were found to be sufficient). The locations and

crossflow velocities of the jet segments predicted by the initial inter-
action calculated are usnd as starting conditions for equations (6-1)

through (6-4). These equations are then integrated downstream for each
segment of the jet to a point sufficiently far that it is clear that the

particular segment is either captured or escapes. The criteria used
for capture is that the trajectory of the segment becomes either a
closed curve about the vortex or a spiral into the core.

To investigate the effect of various initial velocities of the jet
segments, a series of disintegration calculations were carried out
beginning at various longitudinal positions upstream of the-point where
the initial interaction calculations are terminated.

It was found that for the typical parameters and conditions corres-
ponding to the calculative example, the vortex strength is sufficiently
high to capture all of the hot jet exhaust within a relatively short
distance downstrea.n, This result was relatively insensitive to the
starting position of the disintegrating phase. These calculations are
described in detail in Section 9.
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7.0 EQUILIBRIUM VORTEX STAGE

7.1 Introduction

1t has been calculated that all the exhaust products from the engines
are entrained in the recirculating flow. The actual distribution of
temperature in the recirculating flow is not necessarily an indication of
the engine exhaust gas concentration as during the jet phase kecause the
vortices cause radial pressure gradients which themselves cause temperature
differences even when no exhaust gas products are present. It appears that
the turbulent transport processes in the recirculation region will control
the distribution of temperature within that region if the stage lasts
sufficiently long.

Within the recirculation region the field near the vortices will be
dominated by the local vortex and will take on the character.of an equili=-
brium turbulent vortex. In the outer reaches of the recirculation region
between the vortices, the effect of both vortices will be present. It is
possible to obtain a good idea of the characteristics of much of the flow
by considering it to be simply two isolated equilibrium turbulent vortices,
This is particularly true of the core region where most of the exhaust gases
tend to be entrained. Accordingly we will now consider the questions of
the temperature and concentration distributions for an isolated equilibrium
vortex.

7.2 Kinematics of an Equilibrium Turbulent Vortex

Before determining the temperature distribution of an equilibrium
turbulent vortex, it~ is helpful to describe the regions of the vortex and
its tangential velocity and circulation distributions. A turbulent vortex
can be considered to fall into three parts as discussed by Nielsen and
Schwind in reference 7-1. The center of a turbulent vortex is in solid
body rotation with the tangential velocity proportional to the radius,
This region merges into the central part of the vortex wherein the circu-
lation varies logarithmically with the radius. In this region the tangen-
tial velocity reaches maximum v, at a radius r,. Beyond the logarithmic
region of the vortex is a "wake" region analogous to the weke region of a
turbulent boundary layer. 1In this region the circulation decays exponen-—
tially with radius.
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With this brief description, we now introduce figure 7-1 taken from
reference 7-1. 1In this figure r; is the radius of the "eye" of the
vortex in solid body rotation, ry is the radius of the outer edge of the
logarithmic region, and r, is the outer edge of the vortex taken where
the circulation is 99 percent of the total circulation. The following
empirical results taken from reference 7-1 are based on the data of
Hoffman and Joubert (ref. 7=2) and give the circulation distributions in

the three regions.

Eye: 0<r<r X 21,47 -”—)2 (7-1)
* i K, : r,
Logarithmic, X _ JL) -
Region ° r,{r < ry R, 0.938 1n (rl + 1 (7=2)
K =K
wake: r, <r<r 2 = 4.43 o~4-8(5/x;) (7-3)

X.
— = 0,562 (7-4)
r

3

r. )
—L = 0,515 (7=5)
r0

r, = core radius based on experiment

v, = tangential velocity at core radius
Kl = Vlrl

The tangential velocity distribution is simply given by Vv = K/r.

7.3 Vortex Temperature Distrxibution

We now determine the temperature distribution through an equilibrium
turbulent vortex.

7.3.1 Vortex "eye".- Consider firsi the "eye" of the vortex in solid
body rotation. For this region it is known that rotationr has a strong
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influence in damping the turbulent fluctuations so that to the first
approximation we will treat this region as laminar,

The governing equations as taken from Hall (ref, 7-3) are

Continuity
%%+ %% (xpu) + Qﬁgg‘-’i= 0 (7-6)
Momentum
N
v v v uv) _ L v
p<3%€ +tuSott Wt T > = - é% [reu éz - rj)] (7-8)
dw w wY . b W
p(at+u%+w%> -%g-fr-a%:(ru%; (7-9)
Energy =

o1 A1 J1 oI
p<—az°-+u-$°+w—az£- -%E--i—’i[&r——o+§ (o-l)(v z+w-a¥-

where the total enthalpy is

m .1-' 2 2 2
Io cpT + 2 (U + v2 + w?2)

g = Prandtl number

Assumptions in deriving these equations include
(a) Viscosity and thermal conductivity are constant
(b) Laminar flow
(c¢) Axial symmetry

(d) Axial time derivatives are small compared to radial time
derivatives
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We now add the followirng assumptions
(e o=1
(£) Steady flow

so that.equation (7-10) becomes

31 31 oI
et e b [ 5R w] i

Trailing vortices in the equilibrium vortex stage are many miles long
and their core diameter changes very slowly. Thus u and an/az are
very small. We will take them to be zero so that- -

oI
Sa; [% _go - uvz] = 0 (7=12)

This equation simply states that the work done on the eye of the vortex
by viscous shear is transferred back out as heat.

We now have

a:o
r3y - v2 + C; (7=13)
Since
oI
v=0 ?;g = 0 at r=0
c, =0
and
dI >
—g-—-gzr
2 p2
1, =+ (7-14)

Since u L v, w<{ v
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Let T, be the temperature at the outer edge of the edge of the eye of

the vortex at radius r,.

r=r; T =T, vev, = Qri (7-15)

The resulting equation is

T =T, rlr; (7-16)

For a Prandtl number different from unity, equation (7-12) yields

2 vi
T = Ti = <l...— = E-c— {0 - 1) (7=17)
ri p

We will use the simple o = 1 solution with the eye of the vortex in
solid body rotation at unifcrm static temperature.

7.3.2 Outer region,- For the outer region we will assume that all
transport by laminar means is negligible compared to that by t'irbulent
transport

<< “t
k <L k%

We make the additional assumptions
(a) Steady flow
(b) 3/0z = 0 w=0
(¢) Density fluctuations are zero
(d) Axial symmetry

The resulting equations deduced fromn reference 7-3 are

§; (pru) = 0 (7-18)
ev? . -
v g-% (7-19)

80

- g

Py | L ]
e .

Ponarnm,
—e

|

il
Y

—

—— GEEE——

-




r
o1 —
pu 7;? = - %- T (xp u'Ij) (7-21)

At this point we introduce the Reynolds stress due to turbulence

and .the corresponding heat transfer A

Tt

Te = = P u'v!

(7=22)

q = = PSp u'r’

In rotary flow the shearing stress is taken proportional to the eddy
viscosity as follows

"r .
5 u'v! Vel dr ~ 1 (7=23)

with the kinematic term zero for solid body rotation. With reaspect to
the eddy thermal conductivity, it has been suggested (ref. 7-4) that
adiabatic temperature changes associated with radial pressure gradients
do not act as a driving_force for heal transfer so that

~c, W' = - [g{- - (g—glﬂdgﬁ]~ | (7-24)

Now for adiabatic changes

T Y =1 1 1
= = S T=25
sv that
o T a4 L &L | (7-26)
P p jor cpp r

For amall fluctuations we htve

Ié = c T 4+ vv'!
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[T = Tt Ty -
qu cpuT + vu'y (7=27)
Incorporating this result into equation (7-21) and letting u = 0 vyield

-S-i;'(rp h'Ic':) = % [rp(cp u'T! v u‘v')] 3t { [—t g—

"
t v _ 2\l -
- %‘;— + v v % ]} 0 (7-28)..

2
Cpp

or assuming the turbulent Prandtl number is unity

%{rpvtc +v§y---2—}_{i]}-0

and
2 2
rp v, {%(qt + -Yi—) - lr—] = Cg (7=29)
or
A 7-3
3c\Spr *2/° r'rpvt (7-30)

The right-hand side of the equation can be treated by use of
equations (7-20) and (7-23)

?E‘ (‘r:zp a'v') = = - [ri’pvtCBr -:—)1: Q2 (7"31)

Thus

S S c‘r<§§ - x). (7=32)

rpve r

substituting into equation (7-30), we find

-aa; 'r + -—) 3—- + CaC r<g— - y;) (7=33)
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In seeking solutions to equation (7-33) we need to specify the radial
distribution of the tangential velocity, v(r). Several possibilities
occur. We can specify the radial distribution for an equilibrium vortex
as given by equations (7-l1) to (7-3). For a simple solution we might
specify a variation corresponding to a potential vortex in the field
external to the eye of the vortex. It is of interest to compare equa-
tion (7-33) with equation (7-14) before proceeding with any solutions.

The first thing to.note is that (Jdv/dr - v/r) is zero for solid body
rotation so that this term in equation (7-33) does not contribute to

dT/dr at r = r;. It is also noted that a factor of two appears before
the v2/r term in equation (7-33) while a factor of unity appears in
equation (7-14). There is thus a discontinuity in the temperature gradient
at r=r, due to the different heat transfer laws for laminar and turbu-
lent flow. To alleviate this difficulty requires a buffer region between
the laminar and turbulent region which has not keen introduced into the
theory. However, this simplification of the theory should not interfere
with obtaining some interesting approximate solutions.

For the assumption of a potential vortex external to the eye of the
vortex, a particularly simple solution can be obtained. 1In this case the
tangential velocity is given by

r

—_ -
vV = orr (7=34)

The term proportional to CaC, in equation (7-33) must be zero since it
will produce a log r term which is not regular as r - «, Thus we cbtain

. Ve
%(cp’l‘ + -2—)_:;;5;—3' (7=35)

I1f we take as a boundary condition
T = T} r =
then

cpT +2v2 =T (7=36)

)
kel
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The temperature of the eye is then given by I}.

1
T, = TX - == (7=37)

PR

The eye will be colder than the free stream. This result should give an
approximate idea of how cold-the eye will be for the case of-an equilibrium

I turbulent vortex.

7.3.3  Improved solution based on logarithmic circulation distri=
bution.- For an equilibrium vortex the circulation distribution given by

the logarithmic law yields a good approximation even in the wake region
even though it does not have the desiréd properties as r — », If we
1imit the solution to the region r £ r,, We can use the logarithmic -
circulation distribution to obtain an improved solution. We can retain
both terms in the right-hand side of equation (7-33) since the range of

r is limited, At r = r, we can apply both temperature and temperature
gradient boundary conditions assuming “hat the stagnation enthalpy is
constant for r > Xy

& b awem—— m'

e B o B~ B~

2
cpT + %r - T;; r> r, (7~38)

< (c T+ ﬁ}- 0; (7=39)
r\'p 2 3 T2 x,

Subject to this outer condition, it is readily found from equation (7-33)
that

o == ==

2 * X
CPT + -‘Lz- - cp’rm = 2 {(0.928 KI)Z[Fl(rO) -F; (r)]

Prsneh
L

+ Kf(l - 0,928 1n r,;)”? [Fa(ro) - Fa(r)]} “

+ ¢, [0.928 K, (1n © = 1n r;) = 0.928 K; (In?r - In"ry)

- 2K, (1 - 0,928 ln r;) (ln r = 1ln ro)] (7-40)

AT SN i TR
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where
2v3/x
C.= I(EL.‘_') (7-41)
or ~ r
r=r
2 1“23-‘0 2 1n x
Cs = 2( (0.928 K,) -+ 0,928 K; (1 - 0.928 1n r,)
r3 re
o o
K? . K]_ ln ro
4 =— (1 - 0.928 1n ,)% [0.928 — ~ 2(0.928)K,;
a r r
x o o
o e
2K,
-5 (L - 0,928 1n rl)] (7=42)
o
with
2 B
F,_(r) _21nr+21nr+l
4x2
Fo(r) = 2lnxr+ 1 g (7-43)
4r2
Fo(r) = ==
2r?
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8.0 ASYMPTOTIC BUOYANCY PHASE

8.1 Introduction

It is of interest to know the ultimate disposition of the exhaust
gas products in the stratosphere. Several studies of this question are
available, that of Overcamp and Fay (ref. 8-1). In reference 8-1 smoke-
stack plume theory is applied to the hot wake of an aircraft. 1In ref-
erence 8-2, several dispersive mechanisms are discussed; namely, wake
collapse, wind shear, buoyancy rise, and turbulent.-diffusion. Without
discussing these results in detail, we note that they are not mutually
exclusive, not linearly superposable, and certain ones are dependent on
atmospheric turbulence and winds. There is noticeable difference between
the buoyancy results of the two groups of authors.

In this section are set the tasks of finding the asymptotic solution
for a quiescient atmosphere. We will address the problem of a hot region
of recirculating flow associated with the pair of turbulent vortices. We
will assume that at some distance behind the aircraft the axial flow in
the recirculating region had died out, that the vortices are close to
horizontal, and that the wake moves along with any horizontal wind.

The paper of Fay and Overcamp concerning the effects of-buceyancy eon
the width of the recirculation region includes a correlation of the width
of such regions obtanined- from contrail data. The paper also includes an
interesting comparison between the data correlation and an approximate
solution obtained from the stack plume theory of Hewett, Fay, and Hoult
(ref. 8-4). In order to assess the theoretical basis of this comparison
we now examine the theory of that reference.

Consider a hot plume emerging from a stack in a uniform cross wind
so that the plume is stationary in stack coordinates. Let v be the
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horizontal wind velocity and u the uniform axial velocity of the gas in
the plume at angle 6 to the horizontal. The rate of entrainment € is
taken proportional to the relative wind velocities parallel and perpen=
dicular to the plume axis as follows

€ = 2#R[a|u - v cos e| + B |v sin 9|] (8~-1)
In this equation a and B are constants of the order of unity. Subject

to the condition that R =0 at x = 0 (at the stack) the following
approximate solution is obtained from reference 8~4 for the plume radius

R X x/ X
3 (1- - s A= 8-2
zbsz/a [6~ cos Eb8>] le LT ( )
by = gH/mecpT;(U;)a

s = U:/zbw

w m —2— = Brunt-viisill3d frequency (8=3)

cme

Expansion of the above expression for small values of x/!bS yields

2@

Consider a distance db such that the cumulative buoyancy force
equals the lift

c.T LU*
db - —Lg —Hm (8'4)

and introduce a new reference length £ such that
- 2 1/3
L= (4a5) (8~5)

Then we obtain

&) - 2(2?')1/3(3’; ° ,, (8-6)
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This power law is compared with the contrail data of reference 8~1 in fig-
ure.8-1 assuming P = l. After an initial period, the contrail wake grows
in size at a rate equal to or greater than that given by the above power
law.

Examination of the limitations on x in equation (8-2) shows that
the power law is valid only for very short times. We can write

For T = 392°R we find that
w = 0,021 rad/sec ;

and the maximum time corresponding to w radius is about 150 seconds.
Since the power law is valid only for much lesser times than the maximum
time, it should be valid only for periods less than a minute. What is of
interest is that the power law is in fair agreement with the contrail data
for much longer periods of time. However, we cannot conclude that buoyancy
is the dominant mechanism since the buoyancy theory has been extended far
beyond its range of validity. This observation is not necessarily true

for a supersonic airplane.

In this section we carry out a detailed derivation using the above
entrainment model for a hot wake which is initially horizontal and which
possesses no axial nor vertical velocity. Kinetic energy eftects are
initially included, and the case of stratification associated with a
uniform atmospheric temperature is treated. An analytic solution in
closed form is found. The complete mathematical—solution ic not carried
out, but numerical results obtained on a computer are presented for an
initial value of R not equal to zero. These are compared with the data
correlations and theory of Fay and Overcamp.

8.2 Horizontal Wake Analysis

It is to be expected that the axial flow in the recirculation region
will damp out some distance behind the aircraft, but that the vorticity
and heat cofitent of the recirculating flow will still be substantially
unchanged. We assume that tne wake is nearly horizontal with small vertical
velocity at some poiné in its equilibrium vortex phase. Consider a cross
section of this wake at time t = tj
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Let the average density in the wake be B‘ Let h be distance measured
vertically from the t = t; altitude. The atmospheric density is p
and at t = t; is designated Pooy» Let the vertical rate of rise of the

wake be w. We will assume the wake is circular of radius R for simpli-

city. Let m; Dbe the mass of air in a section of wake of thickness Ax
at t = ti

m, = TR} b-i Ax (8=7)

Let ﬁ\e be the time rate of mass entrainment into the wake section due

to its rate of rise w. . Thus we have
m, = 2TR Ax o [W]Pg, (8-8)

where o is a dimensionless entrainment coefficient. The total mass in
the wake section at time t is then

t
m=m; + 2T AX a f Rwp dt (8-9)
t

-

Since we will be dealing only with positive values of w, we remove the
magnitude sign.

The vertical momentum equation can be obtained by equating the
huoyant force equal to the rate of change of vervical momentum. The
buoyant force FB is

Fp = TREAX(p, = p)g (8-10) ”
with |
d 11 I
FB - .a-{.: (m) (8"' ) i“!
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we find that

t
g(R2p, = Rip;) = 2a|Rw?p, + g f Rup,dt
£
1

d
2. : (812
PR + 20 f Rwp, dt
s
with the initial condition
- 2
d 9<pmi - p;) = 2awip, /Ry
at = — (8-13)
7 Pi

The application of the law of the conservation of energy to the
problem is of particular interest because it yields a closed solution
for the size of the wake cross section as a function of altitude. The
change in total enthalpy of the recirculation fluid between time "t"
and "ti" is equal to the sum of the work done on the wake by the buoyant
force during this time, the energy added to it by the entrained mass, and
the work done by the fluid against atmospheric pressure.

w2 t
T o+ ¥ T _2;) = * m
m (cpT + =3 )- m, (cpli + 3 IFBW dt + mecp'l‘m +f = ap
t. .
i

(8~14)

In this equation it is not necessary to include potential energy terms
if we use the net buoyant force in calculating the work done on the wake.
This is true because the increase in potential energy between two points
a short distance apart, d(mgh), is equal to work done on the wake (mg)dh
plus potential energy (gh)dm added to wake.

Here we assume that the external air temperature is constant with
altitude at T;. The temperature T is the mass averaged temperature of
the recirculating flow and is given by

T o (8-15)




where Rg is the gas constant for the recirculating flow., Since

p o= —E— (8-16)
TR AR
, — P, TREAX
T = TR (8=17)
g
(o we have
; - ©
i me T = —2'(p TRZAX) (8~18)
! P R «©
| g
|
i Also
i
4 Bgp=-2pgdh=- (m0x)R%p.g dh (8-19)
; P P
i In differential form equation (8-14) can be written
: c
. -} 2 2) = - & d(ow3) -1 *» dm 2
? Rg (mox) gE (PR ) > —ar— t Y3t (mw) + cpTw re (Tax) R2p gw
é or with the help of equation (8-8)
b
g Jwl x , WP °p 2°g dR "
- WP |20 W (cp’l’m + —2-) + Rg - gR| = Rg Py @t (8=-20)

Neglecting w2 compared to cpT; and assuming w is positive yields
. * gR > - * -
<3a cp'.l?‘,o + v -1 dh 2cpdeR (8-21)

The solution of the equation subject to the initial condition R = Ry
when h = 0 is

gR hg/2YR Tf
a + ——1&—: =\ qa + -—-—-'L;>e g (8~22)
2yR T, 2aR Ty,

»,

F%? small values of hg/ZWRgT;, the approximate solution is
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R = Rl + ah (8-23)

We have assumed in the derivation that the average pressure of the recir-
culating flow is equal to the atmospheric pressure at the height of its

center.
8.3 Solution of Vertical Momentum Equation

We can write equation (8-12) in the form

aw w? (4aRp ) 2gR7
2 at + T = -~ 29 + t (8-24)
Eiazi + 2a f Rwp dt PRy * et [ Rwj dt
t i
or
gw? T
St WF -6 (8=25)
4arp,,
F = < (8~26)
PiR: + 2a J’ Rwp dt
i
2gR%p
G = T - 29 (8-27)
PR + 2 ! Rwp, dt
i

F(h) and G(h) and thus show———o 3

We will determine the explicit functions
that equation (8-25) is a linear equation for w?,

Starting with the integral, we have

t h
IRmedt -j Rpwdz (8~28)
(o]

t

| aad




For an isothermal atmosphere of temperature T; , Wwe have

Poo, hg/R_T*
L ae g (8-29)

-

~hg/R_T*
fo ™ Poo © 9 (8-30)
i
Thus
fR,)wdh - 2y (5-— Q; 527 _ o |e7bag (8-31)
4 g 2R T*
where
g = DI . (8-32)
Ry

Carrying out the integration yields

o2 (o o0 SR 1t 1)

*
35 ZWR Te

Thus

*
F(h) = Bay C(g:“>pm' [Q, . k) GB/2Y a] 31_-)_6_ (8-33)
i
X_L_.D[l ot @D/ o (L )1

2wag'r;
RTH )2
- 0
D= piR2i+4aﬁ&-9é—/ Foo [( 2’YR T*

2YR,T* \2 2
zg<ﬁu> g [G ) ) /o) ot
9 i 27& T

G(h) = - 29 (8=34)
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A formal mathematical solution can be obtained in the form

wo = e—fF(h)dh[fG(n)(efF(h)dh)dq + ] (8-35)
subject to the initial condition

w= 0_. at t =t
We have chosen to do the solution numerically for our case.

8.4 Calculative Example for a Supersonic Airplane
and Comparisons with Data and Theory

Once the wake is a short distance behind a supersonic airplane, it
has subsonic velocity with respect to an cbserver on the ground.. It is
thus expected that a subsonic buoyant wake theory should be applicable to
the supersonic airplane case. For the purpose of illustration, we now
present two example calculations for an example supersonic airplane using
the following parareters:

Initial altitude: 70,000 £t (21.3 km.)

Flight speed: 2,670 ft/sec (815 m./sec)

Wake temperature rise: 9.3°F (5.16°C)
Free-stream temperature: Tx = 392.3°R (217.9°K)
Entrainment coefficients: a = 0.3 and a = 0.9
Initial radius: Ri = 42.7 ft (13.0 m.)

Initial density: pwy = 0.0001389 sluq/£t?
Ratio of specific heats: vy = 1.4

The various characteristic lengths used in the Fay-Overcamp theory
of reference 8-1 are estimated to be
b = 1.90x10™* £t
4 = 163,500 ft
£ = 172.5 ft

The calculations have been made by determining R as a function of
h from equation (8-22). The vertical velocity w was determined as a
function of h by integrating equation (8-25) numerically. The time
scale has been established by the equation
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t

dh

- [2
(o]

The radius R has been nondimensionlized in the form 2R/{ and the
distance x in the form x/d), so that the results can be presented
on figure 8-1 for comparison on the .data and the Fay-Overcamp theory.

First the comparison of the present calculations with the theory of
Fay and Overcamp, equation (8=6), shows .generally fair agreement within the
middle_of the range. The slope of the Fay and.Overcamp theory is slightly
larger in the mid-range. At small valueg of x/dy, there is a divergefice
between the theories because of the diffarence in. initial conditions. For
large values of x/dy the present calculations show a peak at approximately
x/dp =-2.5. The Brunt-vaisalla frequeacy for the present case of 0.021
radians/second yields a value of x/db = 2.45 for 7 radius. The theo-
retical solution thus peaks at just about this value. However; the power
law, equation (8-6), does not exhibit a peak value of R. It is noted
that the final radius of the-wake is about 50 percent greater for a = 0.9 —
than for o = 0.3.

With- regard to comparison between the present calculations and the
correlated data, several points are significant. In the intermediate
range the slope of the data points is about twice that of the theory.
One point of interest is that the values of x/db corresponding to T
radians for the data of figure B8-1 varies between 0.62 to 0.84. Yet no
maximum value of R occurs experimentally for values of x/db much
greatér than these values. It thus appears that there are significant
physical factors not accounted for in the present buoyancy model. It is
also of interest that-the- value of x/db for- T radius is 3 to 4 times
larger fcr the supersonic case considered here than for the subsonic
cases shown.

The results for a = 0.3 and a = 0,9 show about a four-fold and a
six-fold overall increase in wake radius at the peaks, respectively,
due to wake entrainment, The value of o = 0.3 corresponds to a com-
pletely quiescient atmosphere. This value vas obtained from-the work of
Tsang on line thermals described in reference 8-5.- By placing a cylinder
containing heavier fluid horizontally in a tank of lighter fluid and
suddenly withdrawing the cylinder horizontally he created an initial
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condition of a cylindrical mass of fluid of higher density in a surrounding
fluid of lower density without disturbing the fluid. His mean value of «
obtained from his figure 10 yields « = 0.33. Richards, reference &-6,
performed similar tests but did not take sufficient care to minimize
initial disturbances. His values of « range from 0.316 to 0.67. It

is thus apparent that the value of a can be doubled by moderate initial
disturbances. We have used a = 0.9 as an approximation for the real

stratosphere.

There is evidence, as pointed out above, of serious shortcomings in
present buoyant wake models. One factor which has received scant attention
is the role of changing vortex strength during the buoyant rise. During
entrainment circulation is induced in the recirculation region of opposite
sign to that existing just behind the aircraft, Accounc should be taken
of this phenomenon in the fluid mechanical model and possibly in the energy
equation.

Overcamp and Fay (ref. 8-1) on the basis of their theoretical analysis
and contrail and towing tank experiments concluded that, far downstream
from the aircraft, buoyancy is the dominant mechanism affecting the growth
of the wake. They compared their calculations and towing tank data with
flight data of the visible horizontal width of persistent contrails from
three different subsonic aircraft. Conti, et al., in reference 8-2, con-
sidered the possible influences of wind shear, wake collapse, turbulent
diffusion and buoyancy on dispersion of the wake. For purposes of modeling
they treated each mechanism separately and by linear superposition they
concluded that the relative significance of each of the mechanisms was as
follows: =ollapse, 0.33; shear, 0.43; buoyancy, 0.08 and turbulence, 0.16.
These calculations were based upen the B-52 wake widtn measurements, and
they postulated that the effect of buoyancy would be relatively insignifi-
cant when compared to the other dispersiosn mechanisas. The information
which is presently available on wake aimensions in the final dispersion
phase is so scant that it becomes a matter of rronjecture as to which
mechanism, if any, is the most significant.

It is clear from the above discussiuu chat further experiments are
required to resolve the problems of buoyant wakes, Flight data of wake
dimensions together with local stratospheric turbulence and wind conditions
should help clarify the issue but until these are obtained, we must rely
on laboratory and wind-tunnel experiments to clarify the problem,
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9.0 CALCULATIVE EXAMPLE

9,1 Introduction--

Iin order to show the application of the foregoing theoretical work,
it will now be applied to an illustrative example of a supersonic aircraft
£lying in the stratosphere.. For illustrative purposes, we will assume an
airplane of wing span.59 feet flying at an altitude of 70,000 feet at a
Mach number of 2.75. - It will be assumed that the wing is elliptically
loaded and the airplane weight is 100,000 pounds. With regard to the
propulsion system, it is assumed that the engine exits are located on the
wings with their centerlirnes.-at the middle of the semispans.

In the ensuing example, we will calculate the wake characteristics
at the various stages using the theories developed in Sections 4 to 8.
It is assumed that the atmospheric properties are given by the standard
atmosphere as listed in reference 9-1.

9.2 Pure Jet Phase

A calculative example for supersonic flight has been carried out
using the theory and correlation curve given in figure 4-2. The following
initial jet conditions have been assumed:

M, = 2.75 My = 2,53 T, = 0.308 U, = 0.575

o

For future reference the calculated results have been tabulated in

Table 9=I .in nondimensional form. This table shows that the length of

the potential core is about 66.4 nozzle-exit radii. The calculations

have been carried to a distance farther downstream than the point where
entrainment of jets by the vortices has become complete. The cdolumn
héaded Em/Ez shows how well the law of the conservation of enexgy has
been fulfilled by its closeness to unity. The terms Uave/Uw and
Tave/Tw give the mass average jet velocity and temperature at the various
axial positions. The ratio Vr/Uw shows the magnitude of the radial
velocity at the edge of the jet.

For illustrative purposes we show the variations in centerline temp-
erature and mass average cross-sectional temperature an figure 9-1 as
taken from Table 9-I, The centerline temperature is constant until the
end of the potential core and decreases taitly rapidly therecfter. The

99

e M e e A e . B e an o £ A At A x o T et ek 2 Tk Ko S et

e



;
i

average temperature starts to fall immediately becaus2 of the high density

free-stream air being entrained initially. The average temperature is much

lower than the centerline temperature and decreases fairly slowly after
the end of the potential ccGre, -

It is possible to determine the local relative concentration of the
exhaust gases as a fraction of their concentrations at the engine exit
(i.e., its mass fraction). 1If we assume that the various gas components
of.-the engine exhaust remain. in the same relative proportions, then the
relative concentration or mass fraction, c, of the exhaust gases is given
by equation (4-77).. The mass fraction, ¢, has been determined with the
help of-Table 9-I to obtain concentration profiles at two axial stations.
These profiles of relative concentration are shown in figure 9-2 for an
axial station at the-end of the potential core and an axial station at
138 exit radii downstream of the exit..

9.3 1Initial Interaction

The initial interaction egquations (5-18) through (5.-21) have been
integrated downstream to the point of strong interaction between vortex
and jet using the above initial jet conditions and the following aircraft
parameters and geometry:

Jet downward inclination:- 4.9°

Circulation parameter: K, = 935 ft2/sec = 87 meters?/sec
Span: b = 59 ft = 18 meters
Nozzle radius: r; = 3 ft = 0.915 meter

with the jet nozzle assumed to be located at half the semispan of the wing.

The results of these integrations are shown. in figures.9-3 and 9-4, Fig-
ure 9-3 is a side view of-the vertical positions of the jet and right-wing
panel vortax centroid, as they proceed downstream, observed from an
inertial coordinate system attached to the trailing edge of the aircraft.
The jet closely follows its initial downward sleope of 4.9° for approxie-
mately 12 meters (40 ft) and then, due to both the entrainment of free-

stream air and the action of crossflow drag, rapidly begins to align itself

in the free=-stream direction., The vortex centroid proceeds downward at
an initially <4low and uniform rate, but begins to move much faster at
approximately z¥mz. r; = 60 meters (200 ft), indicating that the vortex
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and jet are interacting strongly at this location. This interaction is
most clearly observed in figure 9-4 which shows the crossflow plane view
of the motions. The effect of crossflow dray and ingested free-stream
air in slowing the initial downward motion of the jet is also evident
from the relative spacing of the jet trajectory points. While the calcu~
lation has been carried to z* = 73 meters (240 ft), it is clear that the
jet and concentrated vortex have begun to interact strongly somewhat up-
stream of this location, at approximately z* = 60 meters (200 ft).
Consequently, the process of jet break-up and ingestion into the vortex
recirculation region should be started at or upstream of z* = 60 meters
for this particular example.

9.4 Jet Disintegration

The differential equations (6=1) through (6-4) describing the jet
disintegration process have been applied to the present example at various
longitudinal positions at and upstream of the location where the initial
interaction calculations indicate strong interaction. 1In these results,
shown in figures 9-5(a) through 9-5(c), the jet has been subdivided into
five equal-area segments, with initial crossflow plane locations and
velocities provided by the initial interaction results. In order to faci~
litate visualization of the ingestion process,. the results are presented
in vortex coordinates. Figure 9-5(a) shows the crossflow plane trajec-
tories of the hot gas segments when the break-up process is initiated at
z* = 59.6 meters (195 ft). The trajectory points correspond to Az*
increments of 9.1 meters (30 ft), and the calculations for a particular
segment are terminated when that segment approaches within 0.3 meter (1 £ft)
of the vortex centerline. These results indicate that all of the hot gas
segments are captured by the vortex at approximately z* ~ 120 meters
(400 ft).

In order to illustrate the sensitivity of the break-up process to
the assumed point of its initiation, figures 9-5(b) and 9=5(c) have been
prepared showing the hot gas trajectories when the break-up process is
initiated at z{ = 46 meters (150 ft) and 23 meters (75 ft), respectively.
Figure 3-5(b) shows that when zI = 46 meters, a point clearly upstream of
the strong interaction location, all of the hot gas is still captured by
the vortex, with all the hot gas spiralling in toward the core. Fige
ure 9-5(¢) displays the analogous results for zI = 23 meters, a point
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slightly more than one wing span of the trailing edge. These results
indicate that even if the break-up process is started at this very early
stage, 60 percent of the gas will be ingested into the vortex recirculation
region, Consequently, for the parameters and initial conditions of this
example, the present theory indicates that the vortex pair will capture

all of the hot jet exhaust within essentially 120 meters (6-7 wing spans)
downstream of the trailing edge.

9.5 Equilibrium Vortex Phase

It is of interest first to look at the characteristics of the
trailing-vortices-before ingestion of the hot-jet into its center as a
guide to evaluating the effects of such ingestion,. First let us determine
its tangential velocity profile and its temperature distribution. 1In
determining its tangential velocity distribution it is necessary to obtain
an approximate idea of its core diameter and its maximum tangential
velocity.. It has been found in such papers as references 9-2 and 9=3
that the core diameters are relatively insensitive to angle of attack.

It has also been found that for a Convair-990 wing model, the core dia=-
meter is about iwice as large as that for a rectangular wing. The loading
on the wing of the Convair 99C model is probably fairly representative of
an elliptical span loading. From a measurement of r; = 1.1 inches

(2.8 ems) for a rectangular wing of 8 feet (2.44 m) span, the scaling by

a factor of 2 to a 59~foot span wing yields

r, = 1,4 feet (0.43 m,)

With regara to maximum tangential velocity, Orloff and Grant (ref.9=2)
£ind that the maximum tangeiitial velocity as-a fraction of V, scales
linearly with angle of attack for a rectangular wing., This agrees with
the finding of constant core diameter and a constant nondimensioral
velocity field in planes perpendicular to the vortex axis with v, as
the nondimensionalizing quantity. Also, the work of Corsiglia, Schwind
and Chigier (ref. 9-3) show that there is little decay of the peak tangen-
tial velocity with axial distance up to 31 span lengths behind the wing.
An estimate of the maximum tangential velocity for both the rectangular
wing and the Convair 990 model is given by

Vi

V..

= 0.8 (9-1)
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This yields a value of v, for the present cases of

v, = 271 ft/sec (83 m/sec)

Thus

Ky = (1.4) (271) = 379 ft2/sec (35,2 m?/sec)

Based on these values and equations (7-1) to (7-3) the nondimensional
tangantial velocity distribution shown in figure 9-6 has been calculated.
In the wake region, the extension of the law of the logarithmic region is
shown since this approximation has been used in the theory of Section 7.

We now apply equation (7-40) to determine the temperature distribution
in the trailing vortex before hot gas ingestion. The results are shown
in figure 9-7. The theory shows that the static temperature reaches a
minimum at the eye, and is constant in-the-eye.

Consider now the effect of hot gas ingestion into the voztex. The
hot gas is completely ingested at 133 exit radii assuming the break-up
starts at 65 exit radii at the end of the potential core. Between these
limits we have the following approximate quantites for the pure jet

» * s ® * *
z Tave/Tw re/tn...... Cave r; (Tave = Tg,) r;
66 1.53 1.784 0.205 5,23 ft 208°F (116°C) 1.6 m.
138 1.34. 2.10 0.133 6.3 £t  134°F ( 75%) 1.93 m.

We now.use these values to estimate the temperatures and concentrations at —-
the end of ingestion... During ingestion-the question arises whether the

rate of mixing with free-=stream air is increased or decreased with respect

to the mixing rate of the free jet. During ingestion thé air tends to

move into the center and-displace the air in the inner region of the

vortex. The free-jet calculations show a decrease in average mass frac-
tion from 0.205 to 0.133 over the length of the ingestion process. The
affect of the vortex is generally to inhibit entrainment of air into the
center of the vortex. Accordingly, it is thought that the average mass
fraction in the vortex center at the ead of jet—ingestion will be between
the two values quoted above.
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Several other points now need to be made. First the radius of the
ingested hot gas is now 6.3 feet (1.93 m.) versus a core radius without
ingestion of about 1.4 feet (0.43 m.). It is clear that the whole struc-
ture of the cold vcrtex can be changed as a result of ingestion. The
possibility of vortex bursting cannot be dismissed. Additional analysis
of the vortex with the hot gas core has not been made. However, at
r = 6.3 feet the temperature drop associated with the turbulent vortex
solution will yield a very small drop in temperature (fig. 9-7) so that
no substantial cooling of the gas from 134°F above the free-stream tempera-
ture should occur.. Accordingly, the center ©f the vortex out to a radius
of 6.3 feet should have an average temperature approximately 149°F above
the free stream at the end of ingestion, and all the exhaust gas should be
trapped in this radius with an average concentration equal to or greater
than 0.133 of its value at the jet exit.

One can now ask the question of how fast the hot gas core will cool
nff as the equilibrium vortex phase continues. In order to answer this
question precisely, we must know how the vortex structure was changed as
a result of hot gas ingestion. (What changes occur in r; and Ky ?)
Unsteady momentum and heat transfer analyses of the vortex are necessary
to answer this question. Whether unsteady heat transfer effects would be
significant before the buoyancy phase starts within ten seconds is not
known. Thereafter the vorticity distribution will be altered by the mass
entrainment associated with buoyant rise of the recirculating fluid.

We expect a slow approach of the vortex with a hot core to the thermel
equilibrium temperature distribution derived in Section 7 through analogy
vwith the slow diffusion of vorticity from an equilibrium turbulent vortex.
The diffusion of heat and of vorticity should have comparable time scales
for a turbulent vortex. Diffusion of vorticity has been studied in ref-
erence 9-4,and a numerical example nas been carried out. The vorticity
in the recirculation region can diffuse outward across the enclosing
streanline or it can diffuse to the vertical plane of symmetry where it
is annihilated by symmetry. For the particular example considered in
reference 9-4, it was found it took more than an hour for the vorticity
in one half of the recirculation region to decrease by 1l/e. It is thus
probable that the hot gas in the vortex center remains hot and concentrated
until the onset of the buoyancy phase and possibly for some time thereafter.
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9.6 Asymptotic Buoyant Phase

In connection with tli. question of when tho asymptotic buoyancy phase

starts, Fay and Overcamp, ref. 9=5, definc a charncteristic time t,

2 UM
tc = T (9=-2)
p, = air mass density b = airplanc span
UX = airplane speed L = airplane lift

Their data from contrail measurements, figure 1 of their reference, shows
that the buoyancy phase, measured by the onset of significant increase in
contrail width, occurs at a time of about 2t.

For the supersonic example being considerec herein the characteristic
time t, is only 4.8 seconds so that the onset of the buoyancy phase
starts at about 9.6 seconds at a distance abpout 25,000 feet behind the
aircraft. (This short elapsed time is another reason that the hot gas
in the center of the vortex has little time to cool down during the
equilibrium vortex phase.)

The initial conditions for the buoyancy calculations include the
following:

At = average wake temperature rise duec to engine heat
Ri = initial wake radius (assumed circular)
P, ™ initial atmospheric mass density

T = atmospheric temperature (constant at 392.3°R) (2189K)

g = entrainment coefficient
*
_ Poo, Teo
Py = % = jinitial average mass density of wake
Tm + [t

The value of At can be determined from the following formula based
on the assumptions that all of the engine heat goes into the wake and the

span ioading is elliptical.
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*
C,(UR)?

T chp

nt = 0.288 (9-3)

C_ = airplane drag coefficient

R = b2/wing reference area

n = efficiency of conversion of engine heat into
propulsion

c_ = specific heat of air in mechanical work units per unit

P mass per degree

For our example case, the following numbers were used:
st = 9.3°F (5.16%)

43 feet (13.1 m)

o
L)

0.0001389 elugs/ft”, (h = 70,000 ft)
]

R
8
]

392, 3°R

3
]

a=0.3 and 0.9

Equation (8-24) was integrated using the above input quantities for the

two entrainment coefficients, and the calculated results are tabulated in
Table 9~-II up to the time the wake reaches 1ts maximum rise. It is noted
that the static temperature rise for the present example is much larger
than the fractional part of a degree usually found for subsonic aircraft.
This result is a consequence of the greater speed and lower aspect ratio

as shown by the above formula., Table 9-I1 shows, however, that the average
temperature of the wake is almost equal to that of the atmosphere at the
end of the buoyant rise.

Inspection of Table 9~1I shows that the increase in radius of the
wake due to entrainment is given closely by ah for the entire range of
the tables. The rate of entrainment is grgatei- for the larger entrainment
coefficient as shown in figure 9-8(a), but the increase is not proportional
to o. The vertical rise shown in figure 9-8(b) is slower for the large
entrainment coefficient as would be expected because the same initial
bupyant force must now act on more fluid. The decreased vertical velocity
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tends to make the rate of entrainment less than proportional to a. The
results for o = 0.3 are believed to be representative of a quiescient
stratosphere, and thus only represent an idealized extreme of the real
stratosphere. The results for o = 0.9 are considered more representative
of real stratcspheric effects until better data on entrainment coefficients
for line thermals in the stratosphere are available,

The question of what the concentration of the exhaust gases 1s during
the buoyancy phase cannot be answered at this point. Since the buoyan'y
phase starts after about 1C seconds, it is probable that no significant
decay of the trailing vorticity(l) has occurred; and that the hot gases at
the. center of the vortices have not diffused significantly. With the onset
of the buoyant rise, a new induced circulation pattern is imposed on the
recirsulating fluid which tends to oppose the trailing vortices. At least
this is the deduction one would make from the results of Tsarg (ref. 8-5)
which show that a horizontal cylinder of denser fluid initially with no
circulation develops a vortex pair of the opposite sense of the trailing
vortices as they move under the influence of huoyancy. This generated
vorticity varies theoretically as t1/2 for constant density external to
the region (ref. 8=5). A detailed analysis of the buoyant wake considering
the initial trailing vortex circulation should be made to study the details
of the turbulent mixing process. An experimental study of this problem
would also be extremely valuable.

It is of interest for chemical studies to know the actual distribution
of temperatures to which the exhaust gases are subject during the buoyant
phase. No attempt to determine this distribution was made in the present
work, Upper and lower bounds on the temperature of the exhaust gases —an
however be given. A lower bound on the temperature and mass fraction of
the exhaust gas can be calculated on the basis of the assumption of homo-
geneous gases in the recirculation region. An upper buund would be given
by assuming that the exhaust gases are frozen in the vortex cores at the
temperaturc and mass fraction corresponding to the end of hot gas ingestion.

{1)

vortex bursting would grobably not diffuse vorticity from the recircu-
lation region although the Crow instability could reak up the

recirculating region.
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Figure 9-7.~- Static temperature drop in vortex;
no hot gas ingestion.
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10.0 CONCLUDING-REMARKS

Detailed analysis has been made of the ingestion and dispersion of
engine exhaust products in the.trailiﬁg vortex system of a supersonic
aircraft. While the analysis is not limited to supersonic flight, the
following concluding remarks are directed principally to this speed regime,

1. An analysis has been made of the mixing between the hot supersonic
jets of the.supersonic aircraft and the co=flowing supersonic stream.. One
set of experimental data was found-covering this case, and the eddy-
viscosity coefficients necessary to carry out supersonic jet calculations
were determined from an empirical correlation of these data., It was found
that the rate of mixing between the supersonic jet and the co=flowing super-
sonic stream was an order of magnitude less than would be expected on the
basis of the subsonic eddy-viscosity results. As a result, the potential
core of the supersonic jet is much longer than expected and the exhaust
gases are subjected to elevated temperatures and concentrations over much
longer distances than previously expected.

2. A new theory has been developec for the break-up of the engine
jets and their ingestion into the center of the trailing vortices from the
wing. It was found that ingéstion started at the end of the potential core
and that all of the hot gas from the engines was ingested into the trailing
vortices within two core lengths. On the basis of the free-jet calculations
the mass fraction of the exhaust gases changed only a small amount over the
ingestien distance. It is thought that it chanyjed even less during in-
gestion because of &he effect of the vortex in inhibiting entrainment.

3. It was found that the volume of hot gas ingested into the core of
the trailing vortices was much greater than the volume of the core of the
trailing vortices alone. It is probably therefore that the tangential
velocity distributior of the trailing vortices is substantially changed
by hot gas ingestion. The vortex thermally insulates the hot gases from
the stratosphere and prevents further mixing. An analysis of the hot
trailing vortices was not made nor was the possibility of inducing vortex
bursting by hot gas entrainment investigated.

4. It was found that the final buoyancy phase of the trailing
vortices started only ten seconds after leaving the trailing edge, As
a consequency, the equilibrium vortex phase was of short duration.
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5. Buoyancy calculations were carried vat based on the assumptions
that the wake is essentially horizontal with no axial flow. It was found
that the temperature rise in the wake of the supersonic aircraft is much. -
greater than that for a subsonic transport since temperature rise was
found to vary directly as speed squared and inversely as aspect ratio.

It was found that the calculated results depend on entrainment coefficient
which is expected-to be dependent for its value on such factors as atmos-
pheric turbulence, atmcspheric winds, and wake turbulence.. Comparison
between the calculated results for the present supersonic example and the
correlation of: Fay -and Overcamp of contrail data for the width of the
wakes of cubsonic aircraft shows good agreement.

6. In the.buoyant model it was assumed that the recirculation region.
remains intact during the buoyant entrainment process. Asymptotically the
solution yields a buoyant mass which rises to a maximum height and closely
approaches atmospheric temperature.

7. The buoyancy theory was developed on the basis of constant entrain-~
ment coefficient measured in water tank tests. The value of the actual
entrainment coefficient for a buoyant wake in the-stratosphere needs to be
determined by careful flight tests.

8. One assumption of the theory is that the initial vorticity at the
beginning of the buoyant phase does not have any gignificant effect on its
vertical motion. As a result of entrainment, vorticity is developed which
tends to destroy the circulation of the trailing vortices. It is probable
that the theory should be extended to include these vorticity effects, and
that-experifients in tanks on line thermals with initial circulation should
be carried out to see how the entrainment coefficient is affected. -

9. For subsonic speeds it is probably important to develop the
equilibrium vortex theory with hot gas ingestion since the times involved
for this phase-are significant. For the supersonic case this matter may
also be important so that proper initial conditions for the Buoyancy phase
can be determined.

10. Velocity and temperature profiles have been specified at various
stages of the wake. If no chemical reaction is assumed to take place,
concentration distributions of individual checmical species can be deter-
mined simply from the knowledge of species concentrations at the engine
exhaust by using the analogy between heat and mass transfer. On the other
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hand, since the rates of reaction of chemical species are dependent upon
local temperature and species concentration, the analysis presented in

this report could._be used to-predict variations of concentration-of species
under conditions of chemical reaction. In particular, if ambient concen-
trations of ozone and exit concentrations of NO are measured or assumed,
local mixture ratios of- NO -ad ozone can ke determined on the_ basis that .
ozone is being entrained-into the-exhaust jet.

Nielsen Engineering & Research, Inc.
Mountain View, California
November 1973
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